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Abstract 

Let Q be a bounded C 2 domain in M n , where n is any positive integer, and let H* be 
the Euclidean ball centered at and having the same Lebesgue measure as Q. Consider 
the operator L = —div(AV) + v ■ V + V on H with Dirichlet boundary condition, where 
the symmetric matrix field A is in W 1,co (Q), the vector field v is in W 1 ) and V is a 

continuous function in H. We prove that minimizing the principal eigenvalue of L when 
the Lebesgue measure of 11 is fixed and when A, v and V vary under some constraints 
is the same as minimizing the principal eigenvalue of some operators L* in the ball H* 
with smooth and radially symmetric coefficients. The constraints which are satisfied by 
the original coefficients in H and the new ones in H* are expressed in terms of some 
distribution functions or some integral, pointwise or geometric quantities. Some strict 
comparisons are also established when 11 is not a ball. To these purposes, we associate to 
the principal eigenfunction <p of L a new symmetric rearrangement defined on il* , which 
is different from the classical Schwarz symmetrization, and which preserves the integral of 
div(AVip) on suitable equi-measurable sets. A substantial part of the paper is devoted to 
the proofs of pointwise and integral inequalities of independent interest which are satisfied 
by this rearrangement. The comparisons for the eigenvalues hold for general operators of 
the type L and they are new even for symmetric operators. Furthermore they generalize, 
in particular, and provide an alternative proof of the well-known Rayleigh-Faber-Krahn 
isoperimetric inequality about the principal eigenvalue of the Laplacian under Dirichlet 
boundary condition on a domain with fixed Lebesgue measure. 



Contents 

ll Introducti 



ion 



2 Main result si 5 

2.1 Constraints on the distribution function of V~ and on some integrals involving A and v 



6 

2.2 Constraints on the determinant and another symmetric function of the eigenvalues of A 9 



1 



2.3 Faber-Krahn inequalities for non-svmmetric operators! 12 

2.4 Some comparisons with results in the literature! . . 13 



2.5 Main tools: a new type of svmmetrizationl 16 



3.1 General framework, definitions of the rearrangements and basic properties! 



Inequalities for the rearranged functions! 



18 

^ .18 

3.2 Pointwise comparison between ib and ill . . 23 

3.3 A pointwise differential inequality for the rearranged data! 27 

3.4 An integral inequality for the rearranged data! 31 



4 Improved inequalities when Vl is not a halll 



34 



Application to eigenvalue problems! 



41 



5.1 Approximation of symmetrized fields bv fields having given distribution functions! 42 



5.2 Operators whose coefficients have given averages or given distribution function!! 44 

5.3 Constraints on the eigenvalues of the matrix field A 67 



6 The cases of L p constraints! 



69 

6.1 Optimization in fixed domains! 70 

70 

6.1.2 The case of L°° constraints! 75 

Faber-Krahn inequalities! 78 



6.1.1 The case of LP constraints. 1 < v < +oo 



L2_ 



Appendix 

7. 1 Proof of the approximation lemma 



7.2 A remark on distribution function: 



7.3 Estimates of Ai (B^. reS) as r — > +oo 



M 

-oo 



81 

81 
85 
86 



1 Introduction 

Throughout all the paper, we fix an integer n > 1 and denote by a n = 7r™/ 2 /T(n/2 + 1) the 
Lebesgue measure of the Euclidean unit ball in W 1 . By "domain", we mean a non-empty open 
connected subset of M. n , and we denote by C the set of all bounded domains of IR n which are 
of class C 2 . Throughout all the paper, unless otherwise specified, Q will always be in the class 
C. For any measurable subset A C W 1 , \A\ stands for the Lebesgue measure of A. If Q G C, 
Q* will denote the Euclidean ball centered at such that 

\n*\ = \n\ . 

Define also C(Q) (resp. C(Q, R")) the space of real-valued (resp. M n -valued) continuous 
functions on £1 For all x G W 1 \ {0}, set 

e r (x) = 1^-, (1.1) 
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where \x\ denotes the Euclidean norm of x. Finally, if f2 G C, if v : Q — > lR n is measurable and 
if 1 < p < +00, we say that v G L p (fi, R n ) if |u| G L p (fi), and write (somewhat abusively) 
IMIp or \\v\\Lp(n,R") instead of || \v | || iP(n ,R)- 

Various rearrangement techniques for functions defined on Q were considered in the litera- 
ture. The most famous one is the Schwarz symmetrization. Let us briefly recall what the idea 
of this symmetrization is. For any function u G L 1 (fi), denote by \x u the distribution function 
of u, given by 

(Jtu(t) = \{x G ft; u(x) > t}\ 

for all t G M. Note that \x is right-continuous, non-increasing and // u (t) — > (resp. fi u (t) — > |J1|) 
as t — > +00 (resp. t — > —00). For all x G f2*\{0}, define 

u*(x) = sup {t G E; /i u (t) > « n \x\ n } . 

The function m* is clearly radially symmetric, non- increasing in the variable |x| and it satisfies 

I {a; G Q, u(x) > (}\ = \{x G SI*, u*(x) > (}\ 

for all ( G K. An essential property of the Schwarz symmetrization is the following one: if 
u G Hf(tt), then \u\* G H^(Q*) and (see 

IH«rilLa(n*) = ll^llL^n) and llVluCH^^.j < ||VM|| L2(n) . (1.2) 

One of the main applications of this rearrangement technique is the resolution of optimization 
problems for the eigenvalues of some second-order elliptic operators on Q. Let us briefly recall 
some of these problems. If Ai(f2) denotes the first eigenvalue of the Laplace operator in Q with 
Dirichlet boundary condition, it is well-known that Ai(fi) > Ai(f2*) and that the inequality is 
strict unless Q is a ball (remember that Q is always assumed to be in the class C). Since Ai(0*) 
can be explicitly computed, this result provides the classical Rayleigh-Faber-Krahn inequality, 
which states that 

Ax(n) > Ai(fT) = U (f^)', (1.3) 

where 2m,\ the first positive zero of the Bessel function J m . Moreover, equality in (jl.3j) is 
attained if and only if Q is a ball. This result was first conjectured by Rayleigh for n = 2 
([10] pp. 339-340), and proved independently by Faber ([IHj) and Krahn ([2B|) for n = 2, and 
by Krahn for all n in j2H] (see [30] for the English translation). The proof of the inequality 
Ai(fi) > Ai(f)*) is an immediate consequence of the following variational formula for Ai(fi): 

/ \Vv(x)\ 2 dx 

Ai(fi) = min ^L. , (1.4) 

«^S(n)\W f Hx)l 2 dx 

Jq 

and of the properties (jl.2|) of the Schwarz symmetrization. 

Lots of optimization results involving other eigenvalues of the Laplacian (or more general 
elliptic symmetric operators of the form — div(AV)) on Q under Dirichlet boundary condition 
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have also been established. For instance, the minimum of A 2 (0) (the second eigenvalue of 
the Laplace operator in Q under Dirichlet boundary condition) among bounded open sets of 
]R n with given Lebesgue measure is achieved by the union of two identical balls (this result is 
attributed to Szego, see [37J). Very few things seem to be known about optimization problems 
for the other eigenvalues, see [T7[|2niEZlEHlllZI- Various optimization results are also known for 
functions of the eigenvalues. For instance, it is proved in |3j that A 2 (f2)/Ai(f2) < A 2 (f2*)/Ai(f2*), 
and the equality is attained if and only if Q is a ball. The same result was also extended in [5] 
to elliptic operators in divergence form with definite weight. We also refer to jHl 13 EE U21 UH1 
123 123 IH21 HUE HUH EE! for further bounds or other optimization results for some eigenvalues 
or some functions of the eigenvalues in fixed or varying domains of lR n (or of manifolds). 

Other boundary conditions may also be considered. For instance, if /i 2 (fi) is the first 
non-trivial eigenvalue of —A under the Neumann boundary condition, then /i 2 (fi) < /i 2 (f2*) 
and the equality is attained if, and only if, Q is a ball (see |32] i n dimension n = 2, and 
[4*o] in any dimension). Bounds or optimization results for other eigenvalues of the Laplacian 
under Neumann boundary condition ( 1321 EH] , see also [TU] for inhomogeneous problems), 
for Robin boundary condition (J2|) or for the Stekloff eigenvalue problem (JH1) have also 
been established. We also mention another Rayleigh conjecture for the lowest eigenvalue of 
the clamped plate. If Q C M 2 , denote by A^fi) the lowest eigenvalue of the operator A 2 , 
so that A 2 «i = Ai(Q)ui in Q with u\ = v ■ V«i = on dQ, where u\ denotes the principal 
eigenfunction and v denotes the outward unit normal on dQ. The second author proved in 
[33] that Ai(f2) > Ai(f2*) and that equality holds if and only if Q is a ball, that is a disk in 
dimension n = 2. The analogous result was also established in K 3 in [Hj, while the problem is 
still open in higher dimensions. Much more complete surveys of all these topics can be found 

in nu 1231 1231 

It is important to observe that the variational formula ()1.4|) relies heavily on the fact that 
—A is symmetric on L 2 (Q). More generally, all the optimization problems considered hitherto 
concern symmetric operators, and their resolution relies on a "Rayleigh" quotient (that is, a 
variational formula similar to (J1.4|0 and the Schwarz symmetrization. Before going further, let 
us recall that other rearrangement techniques than the Schwarz symmetrization can be found 
in the literature. For instance, even if this kind of problem is quite different from the ones we 
are interested in for the present paper, the Steiner symmetrization is the key tool to show that, 
among all triangles with fixed area, the principal eigenvalue of the Laplacian with Dirichlet 
boundary condition is minimal for the equilateral triangle (see [HH]). Steiner symmetrization 
is indeed relevant to take into account the polygonal geometry of the domain. 

A natural question then arises: can inequalities on eigenvalues of non-symmetric opera- 
tors be obtained ? In view of what we have just explained, such problems require different 
rearrangement techniques. 

Actually, even for symmetric operators, some optimization problems cannot be solved by 
means of the Schwarz symmetrization, and other rearrangements have to be used. For instance, 
consider an operator L = — div(AV) on a domain Q under Dirichlet boundary condition. 
Assume that A(x) > A (a;) Id on Q in the sense of quadratic forms (see below for precise 
definitions; Id denotes the n x n identity matrix) for some positive function A, and that the L 1 
norm of A -1 is given. Then, what can be said about the infimum of the principal eigenvalue of 
L under this constraint ? In particular, is this infimum greater than the corresponding one on 
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Q*, which is a natural conjecture in view of all the previous results ? Solving such a problem, 
which is one of our results in the present paper, does not seem to be possible by means of a 
variational formula for Ai (although the operator L is symmetric in L 2 (Q)) and the Schwarz 
or Steiner symmetrizations. 

More general constraints (given distribution functions; integral, pointwise or geometric 
constraints) on the coefficients A, v and V of non-symmetric operators L of the type L = 
— div(AV) +v ■ V + V under Dirichlet boundary condition will also be investigated. In general, 
the operator L is non-symmetric, and there is no simple variational formulation of its first 
eigenvalue such as (jl.4|) -min-max formulations of the pointwise type (see ^1]) or of the 
integral type (see [23]) certainly hold, but they do not help in our context. 

The purpose of the present paper is twofold. First, we present a new rearrangement tech- 
nique and we show some properties of the rearranged function. The inequalities we obtain 
between the function in Q and its symmetrization in Q* are of independent interest. Then, 
we show how this technique can be used to cope with new comparisons between the principal 
eigenvalues of general non-symmetric elliptic operators of the type — div(AV) + v ■ V + V in 
Q and of some symmetrized operators in fi*. Actually, the comparisons we establish are new 
even when the operators are symmetric or one-dimensional. 



2 Main results 

Let us now give precise statements. We are interested in operators of the form 

L = -div(AV) + v ■ V + V 

in Q G C under Dirichlet boundary condition. 

Throughout the paper, we denote by <S n (M) the set of n x n symmetric matrices with real 
entries. We always assume that A : Q —>■ S n (M.) is in W l,oc (Q). This assumption will be 
denoted by A = (ai,j)i<ij< n G W 1,00 (fl, S n {R)): all the components ay are in W 1,00 (fl) and 
they can therefore be assumed to be continuous in Q up to a modification on a zero-measure 
set. We set 

ll^lliyL^n.s^R)) = max IKjHiy 1 . 00 ^), 

l<z,j<n 

where 

^ — r ddi j 

||a»j||wi.»(n) = || Oij || i»(n) + 

i<k<n OXk L°°(n) 



We always assume that A is uniformly elliptic on Q, which means that there exists 5 > such 
that, for all x G O and for all £ G M n , 

A{x)i-i>5\i\ 2 . 

For B = (6y)i<y<„ G S n (R), £ = ...,£„) G M" and £' = (& . . . G R n , we denote 
' £' — 52 i<i j<n Actually, in some statements we compare the matrix field A with a 

matrix field of the type x h- > A(x)Id. We call 

Z^°(fi) = {A G ess^inf A > 0}, 
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and, for A G W 1 ' 00 ^, S n (R)) and A G we say that A > A Id almost everywhere (a.e.) 

in Q if, for almost every x E Q, 

Veel", A(x)£-£> A(x)|e| 2 . 

For instance, if, for each x G Q, A[A](x) denotes the smallest eigenvalue of the matrix A(x), 
then A[A] G L°£(Q) and there holds A(x) > A [A] (a:) Id (this inequality is actually satisfied for 
all x G H). 

We also always assume that the vector field v is in L°°(fi,IR n ) and that the potential V is 
in L°°(f2). In some statements, V will be in the space C(Q) of continuous functions on Q. 

Denote by Ai(f2, A, v, V) the principal eigenvalue of L = — div(A'V)+v ■ V + V with Dirichlet 
boundary condition on Q, and (pn,A,v,v the corresponding (unique) nonnegative eigenfunction 
with L°°-norm equal to 1. Recall that the following properties hold for <pQ t A,v,v ( see [E|) : 

-div {AV(fn,A,v,v) + v ■ V(pn >A ,v,v + V^n, A ,v,v = Ai(Q, A, v, V)<pn iA ,v,v in ^> 

(2.1) 

<Pn,A,v,v > in fi, (fn ;A>v> v = on dil, \\<pn,A,v,v\\ L °°(n) = 1 - 

and tpn,A,vy ^ W 2 ' P (Q) for all 1 < p < +oo by standard elliptic estimates, whence fa,A,v,v ^ 
C 1,a (Q) for all < a < 1. Recall also that Xi(Q,A,v, V) > if and only if the operator L 
satisfies the maximum principle in Q, and that the inequality 

Ai(ft, A,v,V) > ess^inf V 

always holds (see [Hj for details and further results). 

We are interested in optimization problems for Ai(f2, A, v, V) when Q, A, v and V vary and 
satisfy some constraints. Our goal is to compare Ai(f2, A, v, V) with the principal eigenvalue 
Ai(fT, A*,v*,V*) for some fields A*, v* and V* which are defined in the ball Q* and satisfy the 
same constraints as A, v and V. The constraints may be of different types: integral type, L°° 
type, given distribution function of V~, or bounds on the determinant of A and on another 
symmetric function of the eigenvalues of A. Throughout the paper, we denote 

s~ = max(— s, 0) and s + = max(s, 0) for all s6l. 

2.1 Constraints on the distribution function of V~ and on some 
integrals involving A and v 

We fix here the L l norms of A -1 and \v | 2 A _1 , some L°° bounds on A and v, as well as the 
distribution function of the negative part of V, under the condition that Xi(ft,A, v,V) > 0. 
Then we can associate some fields A*, v* and V* satisfying the same constraints in Q*, and 
for which the principal eigenvalue is not too much larger that Ai(f2, A, v , V), with the extra 
property that A*, \v*\ and V* are smooth and radially symmetric. 

Theorem 2.1 Let Q G C, A G W 1 ' 00 ^, S n (R)), A G L™(Q), v G L°°(fi,M n ) and V G C(H). 
Assume that A > A Id a.e. in Q, and that Ai(f2, A,v,V) > 0. Then, for all e > 0, there exist 



6 



three radially symmetric C°°(Q*) fields A* > 0, u* > and V < such that, for v* = u*e r 
in n*\{0} ; 

{ess inf A < min A* < max A* < ess sup A, || (A*) -1 Hl^q*) = ||A _1 ||li(q), 
KIU~(n*,R») < IMU~(n,R»), || I^I^a*)- 1 !!^^*) = || I^A- 1 !!^), (2-2) 

and 

Ai(fi*,A*Id,w*,F*) < Ai(^, A,v,V) +e. (2.3) 

There also exists a nonpositive radially symmetric L°°(Q*) field V* such that fly = P-v- > 
V* <V* < in n* and Ai(0*, A*Id, v\ V*) < A x (0*, A*Id, v*,T) < Ai(Q, A, v, V) + e. 

If one further assumes that A is equal to a constant 7 > in Q, then there exist two radially 
symmetric bounded functions uJq > and V * < in 11* such that, for Vq = ujQe r , 

{||Wo||L°°(n*,R™) — IMU^^R™)? ||' u ol|L 2 (r2*,R' 1 ) — lklk 2 (n,M»)) 
—max V~ < Vq < a.e. in Q*, || ||xp(r2*) < ll^~|| lp(q) f or all 1 < p < +00, \ ■ ) 

and 

X^^I^v^V*) < X^A^V). (2.5) 

Remember (see [Hj) that the inequality Xi(VL,A,v,V) > Ai(fi, A, v, — V) always holds. 
This is the reason why, in order to decrease Ai(f2, A, v, V), the rearranged potentials had better 
be nonpositive in Q*, and only the negative part of V plays a role. Notice that the quantities 
such as the integral of A -1 , which are preserved here after symmetrization, also appear in other 
contexts, like in homogenization of elliptic or parabolic equations. 

In the case when A is a constant, then the number e can be dropped in (J2.3|) . The price to 
pay is that the new fields in Q* may not be smooth anymore and the distribution function of 
the new potential V * in Q* is no longer equal to that of — V~ . 

However, in the general case, neither A is constant in Q nor A* is constant in Q* (see 
Remark 15.51 for details). For instance, as already underlined, an admissible A is the continuous 
positive function A[A], which is not constant in general. Actually, even in the case of operators 
L which are written in a self-adjoint form (that is, with v — 0), the comparison result stated 
in Theorem 12.11 is new. 

An optimization result follows immediately from Theorem 12.11 To state it, we need a few 
notations. Given 

m > 0, M A > m A > 0, a £ 

and 

p £ ^ r o,M v ( m ) := {P '■ ^ ~" * [0> m ]> P 1S right- continuous, non-increasing, 

p = m on ( — 00, 0), p = on [My, +00)}, 



ni 



Ms 



rn 



M v >0, r £ 



0,«M, 



M v > 



(2.6) 
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we set, for all open set ft G C such that |ft| = m, 

GM A , mA ,a,M v ,T,-M v jn) = {(A^^)e^(fi,5„,(M))xL 00 (fi,M"')xC7(n); 

3 A G L^(ft), A > A Id a.e. in ft, 



m A < ess inf A < ess sup A < Ma, A lf . = a 



MU°°(n,R«) < Af„, ||M 2 A 1 || L i (n) = r and [Ly- < /•*} 



and 

AM A , mA , a ,M„, T ,M v „(fi) = inf_ _ AiCn.Av.V)- (2-7) 

Notice that, given fi G f y (m) and ft G C such that |ft| = m, there exists V G C(ft) such 
that /iy- < n (for instance, V = is admissible; furthermore, there is V G L°°(ft) such that 
/iy- = fi, see Appendix I7.2|) . and, necessarily, V > —My in ft. It is immediate to see that, 
under the conditions (]2.6j) . each set ^]\j Aim a) M„ )T( i\j V)A1 (fi) is not empty. 

Corollary 2.2 Let m, M\, m A; a, M v , r, My be as in 6|) . \i G f ^(m) and ft* 6e i/ie 
Euclidean ball centered at the origin such that |ft*| = m. If Xjj a m t apM v ,T,M v ,fi(ty — ^ ^ or a ^ 
ft G C such that |ft| = m, then 

Furthermore, in the definition ofX-^j AJn a ^ r m v M (ft*) ji?. ?] ], t/ie data A, n and V can fre 
assumed to be such that A = A Id, v = ue r = \v\e r and V < in ft*, where A, uo and V are 
C°°(ft*) and radially symmetric. 

Let us now discuss about the non-negativity condition Ai(ft, A,v, V) > in Theorem 12 .1] 
as well as that of Corollary 12.21 We recall (see [14] ) that 

\i(tt,A,v,V) > minV. 

n 

Therefore, the condition Ai(ft, A, v,V) > is satisfied in particular if V > in ft, and the 
condition Am a m A ,a,~M v T~My flinty > in Corollary 12.21 is satisfied if My = 0. Another more 
complex condition which also involves A and v can be derived. To do so, assume A > A Id 
a.e. in ft with m\ := ess info A > 0, and call M v = ||i>||cx> an d my = min^y. Multiply by 
V? = fn,A,v,v the equation ([2.1]) and integrate by parts over ft. It follows that, for all (3 G (0, 1], 

2 \ / AlV7,„|2 / L.| Iv7,„l , ™ / ,„2 

V 2 



\!(n,A,v,V) hp 2 > / A|V<^r - / \v\ \V<p\ (f + my ip* 
'n Jn Jn „ Jn 



> (1-/3) / A|V^| 2 + my lv 2 -^-J\v\ 2 A 
Jn Jn ^PJn 

> [(1 - /3)m A Ai(fi) + my - (4^)-^] / y? 2 



where Ai(ft) = Ai(ft,ld,0,0) = min^ gH i (n)i Uh=1 f Q |V0| 2 . If M v > and m A ^Ai(ft) > M„, 
then the value /3 = M„/(2m AV /Ai(ft)) G (0, 1] gives the best inequality, that is Ai(ft, A, v, V) > 
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my + A/Ai(fi)(mAA/Ai(f2) — M v ). The same inequality also holds from the previous calculations 
if M v = 0. Therefore, the following inequality always holds: 

Ai(fl, A,v,V) >m v + V%(fi) x max(0,m A A/Ai(fi) - M v ). 

As a consequence, under the notations of Corollary 12.21 it follows from (jl.3|) that 

-ifA,m A ,a,M„,T,Mv,(i(^) > ~M V + mT x ' n a][ n j nj ^ XA x max(0,m A m- 1 / n a y"j n/2 _ lil - M„) 

for all Q G C such that = m. The conclusion of Corollary 12 .21 is then true if the right-hand 
side of the above inequality is nonnegative. In particular, for given n G N\{0}, m A > 0, 
M v > and My > 0, this holds if m > is small enough. 

To complete this section, we now give a more precise version of Theorem 12 . II when Q is not 
a ball. 

Theorem 2.3 Under the notation of Theorem, \2.1\ assume that Q 6 C is not a ball and let 
M A > 0, m A > 0, M v > and M v > be such that 

WAWw^faSnQs.)) < Ma, ess^inf A > m A , \\v ||x«(n^») < M v and ||V||L<»(n^) < My. (2.9) 

Then there exists a positive constant 9 = 8(Q,n, Ma,ELa, M v , My) > depending only on 
n, n, Ma, ZH\, M v and My, such that if X\(Q, A,v,V) > 0, then there exist three radially 
symmetric C°°(f2*) fields A* > 0, cu* > 0, V <0 and a nonpositive radially symmetric L°°(Q*) 
field V* , which satisfy /iy* = /i_y-, V* < V < and are such that 

Ai(fi*,A*Id,v*,V*) < A!(ft*,A*Id,i;*,F*) < X ^ A ^^ V \ 

1 + 

where v* = u*e r in Q*\{0}. 

Notice that the assumption A > A Id a.e. in Q and the bounds f)2.9j) imply necessarily that 
M A > m A . 

2.2 Constraints on the determinant and another symmetric func- 
tion of the eigenvalues of A 

For our second type of comparison result, we keep the same constraints on v and V as in 
Theorem l2. ll but we modify the one on A: we now prescribe some conditions on the determinant 
and another symmetric function of the eigenvalues of A. We assume in this subsection 
that n > 2. If A 6 «S„(R), if p G {1, ... ,n - 1} and if Xi[A) < ■ ■ ■ < X n [A) denote the 
eigenvalues of A, then we call 

/c{i,...,n}, card(/)= P \ ieI 

Throughout the paper, the notation card(J) means the cardinal of a finite set I. If A is 
nonnegative, it follows from the arithmetico-geometrical inequality that C^ x (det(v4)) P// ™ < 
<Tp(A), where C^ is the binomial coefficient C^ = n\/{p\ x (n —p)l). 
Our third result is as follows: 
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Theorem 2.4 Assume n > 2. Let Q G C, A G W^°°{Q,S n {R)), v G L°°(Q,R n ), V G C{fl) 
and let p G {1, . . . , n — 1}, u > and cr > 6e given. Assume that A > 7H m Q for some 
constant 7 > 0, that 

det(A(x)) > oj, <T p (A(x)) < a for all x G H, (2.10) 

and that Ai(0, A, v, V) > 0. Then, there are two positive numbers < a\ < 02 which 
only depend on n, p, uj and a, such that, for all e > 0, there exist a matrix field A* G 
C°°(n*\{0}, 5 n (R)) 7 two radially symmetric C°°(fl*) fields uj* > and V < 0, and a nonpo- 
sitive radially symmetric L°°(Q*) field V* , such that, for v* = u*e r in f2*\{0} ; 

A > aild in Q, A* > ajd in Q*, 
det(A*(x)) = w, a p (A*(x)) = a for all x G H*\{0}, 

||f*||l/*>(fi*,R™) < ||^||l°°(C,M™), ||v*||L2(n*,]Rn) = \\v \\L 2 (n,R n ), 

V\y*\ < Vv-, ^v* = V* < V* < in fi* 

and 

Ai(fi*,A*,v*,V*) < \ 1 (n*,A*,v*,V*) < Xi(Q,A,v,V)+e. 
Furthermore, the matrix field A* is defined, for all x G f2*\{0} ; by: 

A*(x)x ■ x = ai|a;| 2 and A*(x)y ■ y = a 2 \y\ 2 for all y _L x. 

Lastly, there exist two radially symmetric bounded functions Uq > and Vq < in Q* satisfying 
P^P and Ai(0*, A*,Vq,Vq) < Ai(f), A, v, V), where v* = u^e r in Q* . 

Remark 2.5 Notice that the assumptions of Theorem 12 .41 imply necessarily that G p n u) p ^ n < a. 
Actually, the matrix field A* cannot be extended by continuity at 0, unless a% = a 2 , namely 
C> p/n = a. As a consequence, A* is not in W 1 ' 00 ^*, S n (R)) if C£uW n ^ a, but we can still 
define Xi(Q* , A* ,v* ,V*). Indeed, for A* = a\ld in Q*, the principal eigenfunction Tp* (resp. 
tp*) of the operator -div(2*V) + v* ■ V + V* (resp. -div(2*V) + v* ■ V + V*) is radially 
symmetric and belongs to all W 2,P (Q*) spaces for all 1 < p < +00. Hence, 

A*VTp* = A*VTp* = aiV^* 

(resp. A*V<p* = A*Vtp* = aiV<^*). With a slight abuse of notation, we say that Tp* (resp. <p*) 
is the principal eigenfunction of — div(A*V) + v* ■ V + V* (resp. — div(A*V) + v* ■ V + V*) 
and we call 

\ 1 (pT,A*,v*,V*) = Ai(0*,A*,u*,F*) 

(resp. Xi(£l*,A*,v*,V*) = X^Q*, A*, v*, V*)). 

An interpretation of the conditions (|2.1U|) is that they provide some bounds for the local 
deformations induced by the matrices A(x), uniformly with respect to x G Q. Notice that 
these constraints are saturated for the matrix field A* in the ball Q*. 

As for Theorem 12.11 an optimization result follows immediately from Theorem 12.41 
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Corollary 2.6 Assume n > 2. Given m > 0, p G {1, . . . , n-1}, u > 0, cr > <%upl n , M„ > 0, 
r G [0, -y/m x M ( ] , My > and \i G Fo,M v ( m )> we se ^> f or all ^ ^ C such that 



m. 



and 



^,M v> r,Mv,^ = {(A^^)G^ 1 ' 0O (fi,5 n (M))xL 0O (f2,M")xC(fi); 

3 7 > 0, A(x) > jld for all x G Q, 
det(A(x)) > u, (7 p (A(x)) < a for all x6 0, 

lklU°°(n,R™) < M v , \\v\\ L2{nMn] = r and fi v - < fi 



\> (Q)= inf Xi(n,A,v,V). 

-p,u,,a,Mv,r,Mv,^ i < A ,v,v)eg' - - (n) 



If A' it T7 (fi) > for all Q G C swc/i £/ia£ Ifil = m, then 

inf A' jj ^ (Q)= inf Ai(fi*, A*, v*, V*), 

M v ,T,My,p, 

where Q* is the ball centered at the origin such that |0*| = m, A* zs given as in Theorem \2.4 
and 

g k,r,M v ,» = {( V *' V *) e L°°(tt*,R n ) x C(0), v* = \v*\e r , V*_< 0, 
\v*\ and V* are radially symmetric and C°°(Q*), 
IKIU°°(n,R™) < M v , \\v*\\ ^(n^n) = r and //(y*)- < /U 

Notice also that a sufficient condition for A' tj tj (^) to be nonnegative for all Q G C 
such that \n\ — m is: 

-My + m- 1/n «y n j n/2 _i,i x max(0, aim- 1/n «y n j„ /2 _i,i - M„) > 0, 

where ai > is the same as in Theorem 12 .41 and only depends on n, p, uo and a (see Lemma UTTI 
for its definition). When n, p, u>, a, M v and My are given, the above inequality is satisfied in 
particular if m > is small enough. 

When Q G C is not a ball, we can make Theorem 12.41 more precise: under the same notations 
as in Theorem 12.41 if M4 > 0, M v > and My > are such that ||v4||vi/i.°°(n,5 n (K)) < M^, 
IM|L°°(n,R») < M v and ||V|| < My, then there exists a positive constant 

& = 9'(n,n,p,u,a,M A ,M v ,M v ) > 

depending only on Q, n, p, u, a, Ma, M v and My, such that if Xi(Q, A,v,V) > 0, then 
there exist a matrix field A* G C°°(fi*\{0}, «S n (R)) (the same as in Theorem I2.4jl . two radially 
symmetric C°°(Q*) fields u* > 0, V < and a nonpositive radially symmetric L°°(Q*) field 
V^*, which satisfy ()2.11j) . //y* = /i_y-, V* < V* < and are such that 

x 1 (n*,A*,v*,v*) < Xi(n*,A*,v*,v*) < Xl ^^; v \ 

where v* = oo*e r in fi*\{0}. It is immediate to see that this fact is a consequence of Theo- 
rems 1231 and 123] (notice in particular that the eigenvalues of A(x) are between two positive 
constants which only depend on n, p, uj and a). 
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2.3 Faber-Krahn inequalities for non-symmetric operators 

An immediate corollary of Theorem 12. II is an optimization result, slightly different from Corol- 
lary [2121 where the constraint over the potential V is stated in terms of LP norms. Namely, 



given m > 0, Ma > m A > 0, a G 
Q G C such that 101 = m, set 



m m 
M A ' m A 



M„ > 0, T G 



ry > 0, 1 < p < +oo and 



3 A G A > A Id a.e. in fi, 

m A < ess inf A < ess sup A < Ma, HA -1 !! x = a, 



\v\\L°°(n&r>-) < M v , \\\v\ 2 A 1 \\ L i {n) = r and \\V \\ LP{n) < r V j 



and 



X- - (fi) = inf Aiffl.Av.V'). 



Since, in Theorem l2.ll the L p norm of V is smaller than the one of V (because the distribution 
functions of their absolute values are ordered this way), it follows from Theorem 12. II that 

min ^T7 T7 = ^T7 T7 

assuming that A^ — (Q) > for all Q G C such that \Q\ = m. In other words, 

the infimum of Ai(0, A, v, V) over all the previous constraints when Q varies but still satisfies 
\Q\ = m is the same as the infimum in the ball Q*. Observe that we do not know in general if 
this infimum is actually a minimum. However, specializing to the case of L°° constraints for v 
and V, we can solve a slightly different optimization problem and establish, as an application 
of Theorems 12.41 and 16 . 81 f see Section |U] below), a generalization of the classical Rayleigh- Faber- 
Krahn inequality for the principal eigenvalue of the Laplace operator. 

Theorem 2.7 Let Q G C, M \ > 0, m A > 0, T\ > and r 2 > be given. Assume that Q 
is not a ball. Consider A G W 1 ' 00 (n,5 n (R)), A G L£(fi), v G L°°(fi,M n ) and V G L°°(Q,) 
satisfying 

A > A Id a.e. in Q, ||A|| w i,oo( n)< s n ( R )) < M A , ess Q irif A > m A , 
||^||L°°(n )K n) < n and ||X^||x,^(0) < r 2 . 

T/ien t/iere exists a positive constant rj = rj(Q, n, Ma, WlKi r i) > depending only on Vt, n, 
Ma, ELa an d r i; an< ^ ^ere exzsfo a radially symmetric C°°(f2*) /ie/d A* > suc/i i/iai 

ess inf A < min A* < max A* < ess sup A, ||(A*) -1 || L i (n *) = ||A _1 || L i ( m, (2.12) 
n n* n* n 

and 

Ai(fi*,A*Id,rie r ,-r 2 ) < A,v,V) - r). (2.13) 
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Notice that, as in Theorem 12.31 the assumptions of Theorem 12.71 imply necessarily that 
Ma > ELa- Notice also that, in Theorem 12.71 contrary to our other results, we do not assume 
that Ai(0, A, v,V) > 0. In the previous results, we imposed a constraint on the distribution 
function of the negative part of the potential and we needed the nonnegativity of Ai (SI, A, v, V). 
Here, we first write 

Ai(fi, A, v, V) > Ai(fi, A, v, -r 2 ) = -r 2 + Ai(Sl, A, v, 0) 

and we apply Theorem 12.31 to Aj.(0, A, v,0), which is positive. We complete the proof with 
further results which are established in Section |3 

Observe also that, in the inequality (j2.13|) . the constraints T\ and r 2 on the L°° norms of 
the drift and the potential are saturated in the ball S7*. 

Actually, in Theorem \'2.7\ if we replace the assumption ||V||£oom) < r 2 by ess info V > r 3 
(where r 3 G R), then inequality ()2.13j) is changed into 

Ai(0*, A*ld,ne r ,T 3 ) < Xi{n,A,v,V) -rj. 

Since Ai(S7*, A*Id, Tie r , r) = Ai(fi*, A*Id, T±e r , 0) + r for all r e R, the previous inequality is 
better than 1)2.13)1 . In the following corollary, we choose to compare directly V with ess info V. 

Corollary 2.8 Let tt e C, A e W 1 ' 00 ^, S n (R)), v G L°°(fi,R n ) and V G L°°(fi). Call 
A[A](x) the smallest eigenvalue of the matrix A(x) at each point x G Q and assume that 
7a = mhijyAfA] > 0. Then 

Ai (SI, A, v, V) > F n (\Q\,minA[A], \\v \\L°°(n,R n ), ess inf V), (2.14) 
where F n : (0, +oo) x (0, +oo) x [0, +oo) x R — >• R is defined by 

for all (m, 7,a,/?) G (0, +oo) x (0, +oo) x [0, +oo) x R ; and B?, , 1/n denotes the Euclidean 

ball o/R n with center and radius (m/an) 1 ^. Furthermore, the inequality is strict if 

Q is not a ball. 

In Corollary 12.81 formula ()2.14)) reduces to ()1.3j) when A = Id and v = 0, V = 0. Theo- 
rem 12.71 can then be viewed as a natural extension of the first Rayleigh conjecture to more 
general elliptic operators with potential, drift and general diffusion. We refer to Remark 16.91 
for further comments on these results. 



2.4 Some comparisons with results in the literature 

If in Theorem 12.11 the function A is identically equal to a constant 7 > in Q, and if V > 0, 
then inequality ()2.5)) could also be derived implicitely from Theorem 1 by Talenti jlH] • in |S] > 
Talenti's argument relies on the Schwarz symmetrization and one of the key inequalities which 
is used in is 

/ -div(AV^) x Lp = / AV(p ■ V(p > 7 / |Vv?| 2 . 
Jn Jn Jq 
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This kind of inequality cannot be used directly for our purpose since it does not take into 
account the fact that A > A Id a.e. in Q, where the function A may not be constant. The 
proofs of the present paper use a completely different rearrangement technique which has its 
own interest, and which allows us to take into account any non-constant function A G L+(Q). 
Actually, paper was not concerned with eigenvalue problems, but with various comparison 
results for solutions of elliptic problems (see also El HI Ell)- Even in the case when A is 
constant and V > 0, proving the inequality (|2.5|) between the principal eigenvalues of the initial 
and rearranged operators by means of Talenti's results requires several extra arguments, some 
of them using results contained in Section |H1 of the present paper. We also refer to Section lfi~2l 
for additional comments in the case when A is constant. 

But, once again, besides the own interest and the novelty of the tools we use in the present 
paper, one of the main features in Theorem 12.11 (and in Theorems 12. HI and 12. 7j) is that the 
ellipticity function A and its symmetrization A* are not constant in general (see Remark 15.51) . 
Optimizing with non-constant coefficients in the second-order terms creates additional and 
substantial difficulties. In particular, the conclusion of Theorem 12.11 does not follow from 
previous works, even implicitely and even if the lower-order terms are zero. More generally 
speaking, all the comparison results of the present paper are new even when v — 0, namely 
when the operator L is symmetric. Moreover, all the results are new also when the operators 
are one-dimensional (except Theorem 12.41 the statement of which does make sense only when 
n > 2). 

The improved version of Theorem 12.11 when Q is not a ball, namely Theorem 12.31 is a l so 
new and does not follow from earlier results. 

As far as Theorem 12.41 is concerned, optimization problems for eigenvalues when the con- 
straint on A is expressed in terms of the determinant and the trace, or more general symmetric 
functions of the eigenvalues of A, have not been considered hitherto. 

Let us now focus on Theorem 12.71 and Corollary 12.81 In a previous work ( |2H I22j). we 
proved a somewhat more complete version of this Faber-Krahn inequality in the case of the 
Laplace operator with a drift term. Namely, let O be a C 2 ' a non empty bounded domain of 
MJ 1 for some < a < 1. For any vector field v G L°°(f2, M n ), denote by 

Ai(fi,u) =Ai(fl,Id,v,0) (2.15) 

the principal eigenvalue of —A + v ■ V in Q under Dirichlet boundary condition. Then, the 
following Faber-Krahn type inequality holds: 

Theorem 2.9 fH\ |2~2*] Let Q be a C 2 ' a non-empty bounded connected open subset of M n for 
some < a < 1, let t > and v G L°°(Q, M n ) be such that \\v H^oomRn) < t. Then 

\ 1 (tt,v)>\ 1 {n*,re r ), (2.16) 

and the equality holds if and only if, up to translation, Q = Q* and v = re r . 

Remark 2.10 Here we quote exactly the statement of fH\ 12*2*]. but actually it is enough to 
assume that Q is of class C 2 . 
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Notice that we can recover Theorem 12.91 from the results of the present paper. Indeed, 
when Q is not ball, the strict inequality in (J2.16|) follows at once from Theorem 12 .7\ and when 
Q is a ball (say, with center 0) and v ^ re r , this strict inequality will follow from Theorem 16.81 
(see Section El below). Strictly speaking, the inequality (j2.16|) could also be derived from 
Theorem 2 in [33] (see also [21 El) and from extra arguments similar to the ones used in 
Section 16.11 But the case of equality is new, while Theorem 12.71 is entirely new. Indeed, an 
important feature in Theorem 12.71 is the fact that the diffusion A is assumed to be bounded 
from below by A Id where A is a possibly non-constant function, and that Xi(fl,A,v, V) 
is compared with Ax(0*, A*Id, ||f||oo e r> — Halloo)) where A* is also possibly nonconstant (in 
other words, the operator div(A*V) is not necessarily equal to a constant times the Laplace 
operator). Furthermore, another novelty in Theorem 12.71 is that, when Q is not a ball, the 
difference Ai(f2, A, v, V) — Ai(£7*, A*Id, ||f ||ooe r , — ||^||oo) is estimated from below by a positive 
quantity depending only on Q, n and on some structural constants of the operator. All these 
observations imply that Theorem 12.71 is definitely more general than Theorem 12.91 and is not 
implicit in [33], or even in more recent works in the same spirit (like [3], for instance). 

When the vector field v is divergence free (in the sense of distributions), then Xi(Q,v) > 
Ai(fi) (multiply -A^ nIdv0 + v ■ V<P u jd,v,o = M^V^kUo b ^ Vnjd^o and integrate by 
parts over Q). 1 Thus, minimizing Ai(f2,t>) when \Q\ = m and v is divergence free and satisfies 
IMU^n.R") < T (with given m > and r > 0), is the same as minimizing Ai(f2) in the Rayleigh 
conjecture. We also refer to [21] and [22j for further optimization results for Xi(fl,v) with L°° 
constraints on the drifts. 

Remark 2.11 For non-empty connected and possibly unbounded open sets Q with finite 
measure, the principal eigenvalue Ai (SI, A, v, V) of the operator L = — div(AV) + v ■ V + V can 
be defined as 

Ai(fi, A, v, V) = sup {A G R, 3<pe C 2 (fi), <p > in fi, (-L + < in Q}. 

When fl is bounded, this definition is taken from [TJ] (see also [HIH3]), an d it coincides with 
the characterization (|2.1|) when flfC. It follows from the arguments of Chapter 2 of ^3] that 

X 1 (n,A,v,V)= inf AiCtf.Aln^ln^VlnO, (2-17) 
Q'ccn, n'ec 

where A\q>, v\q>, V\q> denote the restrictions of the fields A, v and V to Q'. When Q is a 
general non-empty open set with finite measure, we then define 

Ai(fi, A, v, V) = inf A!(%, A\ aj ,v\ aj ,V\ a .), (2.18) 
jeJ 

where the O^-'s are the connected components of fl. 

Some of the comparison results which are stated in the previous subsections can then be 
extended to the class of general open sets Q with finite measure (see Remarks 15 . 6U5 . 81 and 16 . 1 Qj) . 

1 We refer to ^31 f° r a detailed analysis of the behavior of Ai(f2, A, Bv, V) when B — > +oo and v is a hxed 
divergence free vector field in L°°(f2). 
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2.5 Main tools: a new type of symmetrization 

As already underlined, the proofs of Theorems \'2.1\ 12. 3| 12.41 and 12.71 do not use the usual 
Schwarz symmetrization. The key tool in the proofs is a new (up to our knowledge) rearrange- 
ment technique for some functions on Q, which can take into account non-constant ellipticity 
functions A. Roughly speaking, given Q, A, v and V such that A > A Id, if (p = (fn,A,v,v 
denotes the principal eigenfunction of the operator — div(AV) + v ■ V + V in Q under Dirichlet 
boundary condition (that is, (p solves we associate to (p, A, v and V some rearranged 

functions or vector fields, which are called (p, A, v and V. They are defined on Q* and are 
built so that some quantities are preserved. The precise definitions will be given in Sectional 
but let us quickly explain how the function <p is defined. Denote by R the radius of Q*. For 
all < a < 1, define 

Q a = {x G tt, a < ip(x) < 1} 

and define p(a) G (0, R] such that |0 o | = |_B p ( a )|, where B s denotes the open Euclidean ball of 
radius s > and centre 0. Define also p(l) = 0. The function p : [0, 1] — > [0, R] is decreasing, 
continuous, one-to-one and onto. Then, the rearrangement of (p is the radially symmetric 
decreasing function <p : il* — > R vanishing on <9f2* such that, for all < a < 1, 

/ div(AVip){x)dx = / div(AV^)(x)<ix 

(we do not wish to give the explicit expression of the function A right now). The fundamental 
inequality satisfied by <p is the fact that, for all x G Q*, 

${x)>p-\\x\) (2.19) 

(see Corollary 13.61 below, and Lemma f4. 31 for strict inequalities when Q is not a ball). 

This symmetrization is definitely different from the Schwarz symmetrization since the dis- 
tribution functions of (p and tp are not the same in general. Moreover, the L 1 norm of the 
gradient of tp on Q* is larger than or equal to that of ip on Q, and, when A = 7H (for a 
positive constant 7), the L 2 norm of the gradient of tp on Q* is larger than or equal to that of 
<p on Q (see Remark 13. 131 below) . 

Actually, the function <p is not regular enough for this construction to be correct, and we 
have to deal with suitable approximations of (p. We refer to Section 01 and the following ones 
for exact and complete statements and proofs. Let us just mention that the proof of ()2.19|) 
relies, apart from the definition of tp, on the usual isoperimetric inequality on R n . 

Notice that the tools which are developed in this paper not only give new comparison results 
for symmetric and non-symmetric second-order operators with non-constant coefficients, but 
they also provide an alternative proof of the Rayleigh-Faber-Krahn isoperimetric inequality 
()1.3|) for the Dirichlet Laplacian. 

Finally, the new rearrangement we introduce in this paper is likely to be used in other 
problems involving elliptic partial differential equations. 

Let us give a few open problems related to our results. In all our results, several 
minimization problems for the principal eigenvalue of a second-order elliptic operator in a 
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domain Q under some constraints have been reduced to the same problems on the ball fi* 
centered at with the same Lebesgue measure and for operators with radially symmetric 
coefficients. However, even in the case of the ball and for operators with radially symmetric 
coefficients, some of these optimization problems remain open. For instance, in Corollary 12.21 
is it possible to compute explicitly the right-hand side of ()2.8|) ? An analogous question may 
be asked for the other theorems, corresponding to different constraints (even for Theorem 12. 7|) . 

When we combine Theorems 12.11 and 12.31 it follows that the inequality (|2.5|) is strict when 
Q is not a ball and Ai(f2, A, v, V) > 0. But in Theorem 12.11 when Q is a ball, for which A, v 
and V does the case of equality occur in ()2.5|) ? Does this require that the initial data should 
be all radially symmetric ? The same question can be asked in Theorem 12 .41 as well. An answer 
to these questions would provide a complete analogue of Theorem 12 .91 for general second-order 
elliptic operators in divergence form. Furthermore, in Theorem 12 .1} in the general case when 
A is not constant and even if Q is a ball, can one state a result without e but with still keeping 
the constraints ()2.2|) ? 

When Q = Q*, A* is fixed and v and V vary with some constraints on their L°° norms, we 
prove in Section |U] that there exist a unique v and a unique V minimizing Ai(0*, A*Id, v, V). 
In particular, if A* is radially symmetric, then we show that v and V are given by inequality 
(I2.13j) of Theorem 12.71 Many other optimization results in the ball can be asked if some of 
the fields A*,v* and V* are fixed while the others vary under some constraints. We intend to 
come back to all these issues in a forthcoming paper. 

Here are some other open problems. In Theorem 12.41 can one replace the determinant of 
A by more general functions of the eigenvalues of A, namely cr q (A) with p < q < n — 1 ? 

It would also be very interesting to obtain results similar to ours for general second-order 
elliptic operators of the form 



where the continuous in Q (but do not necessarily belong to W l,oc (fl)), and the b^s 

and c are bounded in Q (recall that such operators still have a real principal eigenvalue, see 
[T"4*]). and to consider other boundary conditions (Neumann, Robin, Stekloff problems...) 

Outline of the paper. The paper is organized as follows. Section El is devoted to the precise 
definitions of the rearranged function and the proof of the inequalities satisfied by this rear- 
rangement, whereas improved inequalities are obtained in Section 0] when Q is not a ball. The 
proofs of Theorems 12.11 12.31 and 12.41 are given in Section while the Faber-Krahn inequalities 
(Theorem 12.71 and Corollary 12. 8|) are established in Section El Some optimization results in 
a fixed domain, which are interesting in their own right and are also required for the proof 
of Theorem 12.71 are also proved in Section |U1 Finally, the appendix contains the proof of a 
technical approximation result (which is used in the proofs of Section EJ), a short remark about 
distribution functions and some useful asymptotics of Ai(f2*,re r ) = Ai(fT, Id, re r , 0) when 

T — > +00. 

Acknowledgements. The authors thank C. Bandle for pointing out to us reference [131, an d 
L. Roques for valuable discussions. 
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3 Inequalities for the rearranged functions 

In this section, we present a new spherical rearrangement of functions and we prove some 
pointwise and integral inequalities for the rearranged data. The results are of independent 
interest and this is the reason why we present them in a separate section. 

3.1 General framework, definitions of the rearrangements and basic 
properties 

In this subsection, we give some assumptions which will remain valid throughout all Section EJ 
Fix fieC, A n e C 1 ^, «S n (R)), An G C 1 ^), w G C(Q) and V G C(H). Assume that 

A n (x) > A n (ar)Id for all x G H, (3.1) 

and that there exists 7 > such that 

An (2) > 7 for all x G fi. 

Let ip be a C 1 (fi) function, analytic and positive in Q, such that if) = on dQ and 

V^(ar) ^ for all x G dQ, 

so that v ■ < on dfl, where v denotes the outward unit normal to dfl. We always assume 
throughout this section that 

/ := -div(A n V^) in Q 

is a non-zero polynomial, so that ip G W 2 ' P (Q) for all 1 < p < +00 and ip G C 1,Q (fi) for all 
< a < 1. 
Set 

M = max^i). 

For all o 6 [0,M), define 

Q a = {x G f2, V(a;) > a} 

and, for all a G [0, M], 

£ a = {x G fi, VK^) — a } ■ 

The set {x G fi, V^x) = 0} is included in some compact set K G Q, which implies that the 
set 

Z = {a G [0, M], 3 x G S a , V^(x) = 0} 
of the critical values of ip is finite (|41|) and can then be written as 

Z = {ai, • • • , a m } 

for some m G M* = N\{0}. Observe also that M E Z and that G' Z. One can then assume 
without loss of generality that 

< ai < • ■ • < a m = M. 
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The set Y = [0, M]\Z of the non critical values of ip is open relatively to [0, M] and can be 
written as 

Y = [0,M]\Z = [0,ai)U(ai,a 2 )U---U(a m _i,M). 

For all 8 6 7, the hypersurface E a is of class C 2 (notice also that S = dQ is of class C 2 by 
assumption) and \Vif)\ does not vanish on E . Therefore, the functions defined on Y by 

9 ■■ Y3a^ [ |VV(y)rW a (y) 

h : Y3a^ f\y)\W^y)\' l da a (y) (3.2) 
i : FBah / dcr a (y) 

are (at least) continuous in Y and C 1 in F \ {0}, where <ia a denotes the surface measure on 
S a for a G F. 

Denote by R the radius of Q* (the open Euclidean ball centered at the origin and such that 
\n*\ = \n\, that is tt* = B R ). For all a e [0, M), let p(a) G (0, R] be defined so that 

|^o| = \B p (a)\ = a n p(a) n . 

Recall that a n is the volume of the unit ball B x . The function p is extended at M by 

p(M) = 0. 

Lemma 3.1 The function p is a continuous decreasing map from [0, M] onto [0,R\. 

Proof. The function p : [0, M] — > [0, R] is clearly decreasing since 

\{x efl, a < ip(x) < b}\ > 

for all < a < b < M. Fix now any a G (0, M\. Since ip G W 2 > p (n) (actually for all 
1 < p < +oo), one has 

d 2 ip dip 

x l{^=a} = -j; — x l{^ =a } = almost everywhere in n 



dxidxj dxi 

for all 1 < i,j < n, where 1e denotes the characteristic function of a set E. Therefore, 
/ x l{^ =a } = almost everywhere in f2. Since / is a nonzero polynomial, one gets that 

| S a | = for all a G (0,M]. 

Notice that |S | = \dQ\ = as well. Lastly, p(0) = R and p(M) =0. As a conclusion, the 
function p is continuous on [0, M] and is a one-to-one and onto map from [0, M] to [0, R\. □ 

Lemma 3.2 The function p is of class C 1 in Y and 

VaGF, p\a) = -(n^p(a) n -Y 1 g(a) = -(na n p(a) n - 1 )- 1 [ ^^{y^da^y). 
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Proof. Fix a <EY. Let r] > be such that [a, a + rj] cY. For t G (0, 77), 
a n [p(a + t) n - p(a) n ] = \tt a+t \ - \tt a \ = - dx 

J {a<ijj(x)<a+t} 

= -Til WiyT'dvbiv) ) db 

Ja \JT,i 

from the co-area formula. Hence, 

a n [p(a + t) n -p(a) n ] 



-g(a) as t — > 0^ 



f 

for all oeF, due to the continuity of g on Y. Similarly, one has that 

a n [p(a + t) n - p(a) n ] 



t 



-g(a) as t — > 



for all a G F\{0}. The conclusion of the lemma follows since Y C [0, M), whence p(a) 7^ for 
all a G F. □ 

We now define the function ^ in Q*, which is a spherical rearrangement of ip by means of a 
new type of symmetrization. The definition of ip involves the rearrangement of the datum Aq. 
First, call 

e = {x g n*, \x\ g p(y)}. 

The set E is a finite union of spherical shells and, from Lemma 13.11 it is open relatively to Q* 
and can be written as 

E = {x G W 1 , \x\ G (0, p(a m _i)) U • • • U (p(a 2 ), p(ai)) U (p(ai), R]}. 

with 

= p{a m ) = p{M) < p(a m _ x ) < ■ • • < p(ai) < i2. 

Notice that & E. 

Next, for all r G set 

y ivv'^r 1 ^- 1 ^) 

G(r) = Sp - 1( '- ) > 0, (3.3) 

p M 

where p _1 : [0, R] — > [0, M] denotes the reciprocal of the function p. For all x G E, define 

A(x) = G(\x\). (3.4) 

The function A is then defined almost everywhere in Q*. By the obervations above and since 
Aq is positive and C 1 (f2), the function A is continuous on E and C 1 on E D fi*. Furthermore, 
A G L°°(fi*) and 

< minAo < ess inf A < ess sup A < maxA^. (3-5) 

n " ^* n* n 
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For any two real numbers a < b such that [a, b] C Y, the co-area formula gives 
k n {y)- x dy = 1(1 k u {y)- x \Vij{ y )\- x da s {y)]ds 

b Ja \JT,s J 



( 



p{a) 
P(b) 



Mvy^ivT^miv) 



\ 



V 



na„t n l dt. 



J 



The last equality is obtained from Lemma (3.21 after the change of variables s = p 1 (t). Since 
A is radially symmetric, it follows by (|3.3H3.4|) that 



My) 1 dy 



f2 a \f2(, 



A(x) dx, 



p(b),p(a) 



where, for any < s < s', S SjS > denotes 

S S)S > = {xeR n , s < \x\ < s'}. 
Lebesgue's dominated convergence theorem then implies that 

A n {y)~ 1 dy= / A(x)- X dx. 



(3.6) 



'n Jn 
Lastly, set F(0) = and, for all r G p(Y), set 

F(r) ' 



na n r n x G(r) Jn p . 1(r) 
The function F is then defined almost everywhere in [0, R] 



div(A n Vip)(x)dx. 



(3.7) 



Lemma 3.3 The function F belongs to L°°([0, R]) and is continuous on p(Y)U{0}. Moreover, 
F < on p{Y). 

Proof. The continuity of F on p(Y) is a consequence of Lemma r3.lt of the continuity of A on 
E and of the fact that div(AoVi(}) = / in Q, with / continuous and thus bounded in Q. 

Observe that, since Aq(x) > 7 > for all x G Q, one has A(x) > 7 for all x G E. For 
< r < R with r G p(Y) (d (0, p(a m _i))), one has 

|F(r)| < (na^-^y'WfW^w a n r n = (n^WfU-m r, 

thus F is continuous at as well and belongs to L°° ([0,R]). Finally, for all r G p(Y), since 

i/j(y) = p _1 ( r ) f° r a ^ y ^p _1 ( r ) an< ^ srnce i' > P -1 ( r ) i n Qp- 1 ^-) an d I (2/) I 7^ for all 
y G E p -i( r ), one has 

Vp-i(r) ■ VV> < On £ p -l( r ), 
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where, for any a G Y , v a denotes the outward unit normal on dQ a . Therefore 
W(y) = - |V^(2/)| Vp-i^iv) for all r 6 p(F) and y G S p -i (r) . 
As a consequence, the Green- Riemann formula yields that, for all r G p(Y), 



/ 



Q p-l(r) >/E p-l(r) 



div(A n VV>)(y)<% = / An(l/)VV»(j/) • v p -i( r )(v)d(T p -n r )(y) 

An(y)v p -i(r)(y) ■ v p -nr)(y) |V^(y)| da p -i {r) (y) < 0, 



S p~l(r) 

which ends the proof. □ 
For all xefl*, set 

4>(x) = - F(r)dr. (3.8) 

J\x\ 

The function ip is then radially symmetric and it vanishes on dQ* = BBr. From Lemma f3. 31 

i)> in n*, 

ifj is continuous on Q*, decreasing with respect to \x\ in Q*, and C 1 on E U {0} (remember 
that F(0) = 0). Note that 

ip g i?o(^*) n w 1,oc (fi*). 

Moreover, the following statement holds true: 
Lemma 3.4 The function ip is of class C 2 in E C\Vl* . 

Proof. By definition of ip and since A is C 1 in E fl Q*, it is enough to prove that the function 
z : r i— > / div^QV^X^)^ = — / f(x)dx 



>/ [i _i - ^ 

P (r) P ± (r) 



is of class C 1 on p(F). It would actually be enough to prove that z is C 1 on p(Y)\{R}. 

Let r be fixed in p(Y) = (0, p(a m _i)) U ■ • ■ U (p(a 2 ), p(ai)) U (p(ai), R] and let r\ > be such 
that [r — 77, r] C p(Y). For £ G (0,77), one has 



z(r — t) — z(r) = / f(x)dx 

' {P _1 OX^Kp -1 (r-t)} 

/ /(2/)|V^(2/)|-W a (2/) da= / fc(a)da, 

'p-i(r) V^S a / ■/p- 1 (»0 

where h is defined in (|3.2|) . Since p" 1 is of class C 1 on p(V) from Lemma 13.21 and since h is 
continuous on 7, it follows that 

Z(r ~ ^ - h(p-\r))(p-^(r) = - ^^X))^ aS 1 "> 0+ - 
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The same limit holds as t — > for all r G p(Y)\{i?}. Therefore, the function z is different iable 
on p(Y) and 

// \ na n r n - 1 /i(p- 1 (r)) 
z (r) = tor all r G p(Y ). 

#(P ( r )) 

Since p _1 is continuous on [0, i?], and g and /i are continuous on Y, the function z is of class 
C 1 on p(Y). That completes the proof of Lemma [3.41 □ 



We now define a rearranged drift v and a rearranged potential V. For all x G E, define 

\ 1/2 



v\x) 



E P -i(W) 



K n {y)- l \V^{y)\ 1 da p -i Qx]) {y) 



e r {x), (3.9) 



(remember that e r is defined by (jl.l)) ). The vector field v is then defined almost everywhere in 
Q*. Notice also that \v\ is radially symmetric, that v(x) points in the direction e r (x) at each 
point x G E, that v belongs to L°°(f2*) and that 

ess inf \u\ < ess inf \v\ < ess sup \v\ < ess sup |u;| = |M|i/>o(fi). (3.10) 



a n 



Furthermore, since A^ 1 and u are continuous in f2, the vector field v is continuous in E, and, 



as it was done for ()3.6|) . it is easy to check that 



u(y) 2 An(y)- 1 dy= / (^^(a;)- 1 ^. (3.11) 
n Jn* 



Lastly, for all x G E, define 



V~{y) W(y)\- 1 da p - H{xl) (y) 



V(x) = " Sp "„ 1(|3:1) , (3.12) 



\Vip{y)\ 1 da p -i { \ x \){y) 
s P -i(i^i) 



where V~(y) denotes the negative part of V(y), that is V~(y) = max(0, —V(y)). The function 
V is then defined almost everywhere in Q*. Observe that V is radially symmetric, nonpositive, 
belongs to L°°(Q*), is continuous in E, and that 

— ||V||z,°o(n) < min(— V~) < ess infl^ < ess sup V < 0. (3.13) 

a ^* n* 

3.2 Pointwise comparison between ift and ip 

The first interest of the spherical rearrangement which was defined in the previous subsection 
is that the functions ip and ip can be compared on the sets S a and dB p / a y Namely, the 
function ip satisfies the following key inequalities, which are summarized in Proposition 13.51 
and Corollary 13.61 
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Proposition 3.5 For any unit vector e ofM. n , the function 

$ : [0,M] -> R + 

a i — > ip(p(a)e) 

is continuous on [0,M], differentiable on Y, and 

Va G Y, tf'(a) > 1. (3.14) 

Before giving the proof of Proposition 13.51 let us first establish the following important 
corollary. 

Corollary 3.6 For all x G f2* , 

1>(x) > p-\\x\). 

Proof. Since \& is continuous on [0, M] and differentiable on [0, M\ except on a finite set of 
points and since ^(0) = 0, the mean- value theorem and ()3.14j) show that ^(a) > a for all 
a G [0, M], which means that ip(p(a)e) > a for all a G [0, M] and all unit vector e. Since ip is 
radially symmetric, Corollary 13.61 follows from Lemma 13.11 □ 

Proof of Proposition 13.51 Let us first observe that the function \1/ is differentiable on Y, 
from Lemma 13.21 and the fact that ip is C l in E (and even in E U {0}). Furthermore, since 
ip is radially symmetric, and decreasing with respect to the variable |x| and since p is itself 
decreasing, it is enough to prove that 

Vxg£, \p\p- x (\x\))\ x |V#c)| > 1. (3.15) 

We will make use of the following inequality: 

A Q (y)u p - Hlxl) (y) ■ v p -n\ x \)(y) \Vip(y)\ dcr p ~i {lxl) (y) 
WWr 1 d<Tp-H\x\)(v) 



VxeE, - Sp Hlxl) < A(x) |V^(x)| 2 , (3.16) 



S p-i(M) 



where one recalls that u p -if\ x \\ denotes the outward unit normal on dCt p -i/\ x \y We postpone 
the proof of ()3.16|) to the end of this subsection and go on in the proof of Proposition 13.51 

Fix x G E and set r = \x\. Since p _1 (r) G Y, there exists rj > such that p~ l (r — t) G Y 
for all t G [0, 77] . For t G (0,7/], the Cauchy-Schwarz inequality gives 



(I \ViP(y)\dy\~ 



|fi p -i( r .)\J7 p -i( r _ t )| 



V 



< 



An(y) -1 ^ 

--,-l(r)\ p-l(r- t ) 



|r2 p -i( r )\r2 p -i( r _ t )| 



/ 



(3.17) 

A n {y)\ViP{y)\ 2 dy 



y f "p- 1 (r)\ n p-l(r-t) 

|fip-i( r )\fip-i( r -t) I 
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The left-hand side of f|3.17|) is equal to 



\Vif>(y)\dy 



n p-Hr)\ n p-Hr-t) 



\Qp- 1 (r)\Qp- 1 (r-t)\ 

By the co-area formula, 



V 



/ 



\Vip(y)\dy 



\ 



p l {r — t) — p l {r) 

— zti Hi ^ — i r~ 

p (r-t)- p~ (r) ty,-i( r )\n p -i( r _ t ) 



lim 



\Vif>(y)\dy 



n p-Hr)\ n P -Hr-t) 



and 



lim 



o+ p~ l {r — t) — p _1 ( r ) 



p 1 {r — t) — p 1 (r) 



d(Tp-i( r )(y) = i(p 1 (r)), 



p-l(r) 



\Vip(y)\ 1 da p -x {r) (y) 



na n r n ~ l \p'{p~ l {r))\ 



p-l(r) 



from Lemma l3~2l By the isoperimetric inequality applied to = <9fi p -i( r ) and dB r , one 

has 

< na n r n ~ l < z(p _1 (r)) = / da p -i {r) (y), 



(3.18) 



p-l(r) 



Therefore, one obtains 



lim 



\V4>(y)\dy 



^ p- 1 (r)\^ p- 1 (r-t) 



|O p -i( r )\0 



p- l (r-t)\ 



\ 



J 



> 



> 



i(p \r)) 



na„r 



n-l 



\p'(p- l (rW (3.19) 



\p'(p-\r))[ 

The first factor of the right-hand side of ()3.17|) is equal to 



My) l dy 



n p-Hr)\ n p-l(r-t) 



My) x dy 



S ^p- 1 (r)\^p- 1 (r-t) 



|ty,-i( P )\n p -i( r _t)| p 1 (r-t)-p 1 (r) 

and the co-area formula therefore shows that 



p l {r — t) — p l (r) 
|fip-i( r .)\fi p -i( r _i) | 



lim 



/ 



Mv) x dy 

1 = A(x)- 1 



t^o+ O p -i( r .)\fi / ,-i( r 



(3.20) 
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from ()3.3|) and (|3.4|) . Finally, the coarea formula again implies that 



lim 



An(y)\ViP(y)\ 2 dy I A n (y)\V^(y)\da p -r {r) (y) 

^p-l(r)\ fi p-l(r- i) _ ^ S p-l(r) 



An(y)v p -i(r)(y) ■ p p -x {r ){y)\V^{y)\da p -^ r) {y) 



(3.21) 



< 



S p-l(r) 



I V-0(2/)| 



< A(x)|V^(x)| 



S p-l(r) 



2 



by (HEmi). 

Finally (j3~T7jl . (l3~T?IJ) . (l3~2UD and (l3~2TD imply that 
1 . (<il> ■{'■))" 



\ P ^(r W * K^) X WFHrW ~ M - (3 ' 22) 
Therefore, inequality ()3.15|) holds and so does inequality (j3.14|) . □ 

Remark 3.7 Observe that \3.ll ), A3.2U\) and \3.21\) together with the co-area formula yield 



I da p -i (lxl) (y) / \Vip{y)\dy 

Vl(N) = lim P 7'- |)VVl(N - t) : < |V#r)| (3.23) 

for all x G E. 

We now give the 

Proof of (J3.16|) . Fix x G E and call r = Notice first that, as was already observed, for 
all y G <9f2 p -i( r ), 

V^{y) = -\V^{y)\p p - Hr) {y). 
The Green-Riemann formula and the choice of i/j therefore yield 

div(A u Vip)(y)dy 



/ A u (y)u p -i {r) (y) ■ u p -i {r) (y)\Vi)(y)\da p -i [r) (y) 

_ 1 / \ 



L '" Jn p- 1 (r) _ 24) 



— na n r n 1 A(x)F(r) 
na n r n ~ l A(x) \ Vip(x) \ . 
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By Cauchy-Schwarz, 

^(r)) 2 = ( f da p - Hr) (y)) 

< / A a (y)is p -i {r) (y) ■ v p -i(r){y) \Vip{y)\da p -i( r) (y) 

x / (A n (y)v p -i(r)(y) ■ Vp-Hr)(y)Y l |V^(y)r 1 da p -i (r) (y) 

< / A n (y)v p -i {r) (y) ■ P p -i(r){y) \^{y)\d(Tp-i(r){y) 
x / A^y)' 1 {V^y^ 1 da p -i (r) {y) 

= A(.x) _1 x / A Q {y)v p -x {r) {y) ■ v p -i {r) {y) \Vip(y)\da p -i {r) (y) 



" S p- 1 (r) 

x / |V^(y)r 1 d«7 A ,-i (r )(y). 
p 1 w 

In other words, 

A a (y)u p -i {r) (y) ■ v p -i( r )(y) \Vip(y)\da p -i ir) (y) 

S p-l(r) 



\Vip(y)\ 1 da p - Hr) (y) 



E p"l(r) 



< A(x)- 1 x 



^ / A si{y)vp-^(r){y) ■ v p -i(r){y) W(y)\da p -i {r )(y)"\ 

/S p-l(r) 



2 



«(P _1 ( r )) 



V 



na n r 



n-1 \ 2 



A(x)|V^(x)| 



2 



>0 1 (r)), 

by ()3.24|) . The isoperimetric inequality (j3.18|) ends the proof of (j3.16J) . □ 

3.3 A pointwise differential inequality for the rearranged data 

In the previous subsection, we could compare the values of ip and of its symmetrized function 
ip. Here, we prove a partial differential inequality involving ip and xp, as well as the rearranged 
data A, v and V. 

Proposition 3.8 Let u G M + and x G E nfi*. Then, there exists y G Q such that ip(y) = 
p _1 (|a;|), that is y G Ep-irM), and 

-div(AV^)(x) + v(x) ■ V^(x) - u \Vip{x) \ + V{x)^{x) 
< -div(/4 n V^)(y) - x |W(2/)| - ^o|V^(y)| + V{y)^{y). 

Notice that v(x) ■ Vip(x) = —\v(x)\ x |V^(^)|- 
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Proof. Let x G E H Q*, r = \x\ and rj > such that S r ^ r G E d Q*. As done in the proof of 
Proposition 13.51 the co-area formula and Cauchy-Schwarz inequality yield 

( f \co(y)\ x |VV(y)| ^ 



lim 



s p- 1 w 



\ 2 



^p l w 



Au(y) 1 w(y) 2 |VV'(y)| Wp-i^j/) / A n (y)|V^(y)|^ P -i ( r)(y) 
|VV'(y)r 1 d^-i (r) (y) / |V^(i/)|-W p -i (r) (i/) 

Using (|3.16j) . one obtains 

An(y)\Vip(y)\da p -i {r) (y) 



S p- 1 :- 



5j — 1 / \ 

p i W 



|VV(3/)rW p -i (r) (3/) 



f ^{y^ddp-x^iy) 
< A(:t)|V#e)| 2 . 

Finally, (^ZED and (^2ED, together with definitions (HEED and {331, give that 



/ 

p ( 



|u;(j/)| x |V^(y)| dy 



lim " j < |v(a;)| x \Vip(x)\ = -v(x) ■ Vip(x). (3.27) 

The last equality follows also from ()3.8|) and Lemma f3. 31 
Remember also from ()3.23|) that 



/ 

Ja _i 



\V^{y)\dy 



lim " ->-|w^- 1 ('- t ) < |W(a;)| = -e r (z) ■ V^(x). (3.28) 



(3.25) 



(3.26) 
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As far as V is concerned, for any fixed unit vector e in M n and for any t e (0, rj), it follows 
from (|3.12j) and Lemma [3.21 that 

/ V{y)if>{y)dy 

p-i(r-t) 



a( / V-(y)\V^(y)\- 1 da a (y) ) da 



r-t We 



p 1 (s)ds 



'r-t 



S p-l(s) 



V Js P -Hs) I 
= na n / s n ~ 1 p ~ 1 (s)V(se)ds. 

J r-t 

Moreover, the radial symmetry of V and if) yields 

pr 

V{y)ip{y)dy = na n / s n ~ 1 V{se)if){se)ds. 

Jr-t 

Corollary 13.61 and the facts that |fi p -i( r )\fi p -i( r _ f ) I = I^V-t^l and that V < therefore show 
that 

V(y)if)(y)dy ! V{y)i){y)dy 

n p- 1 {r)\ n p~ 1 (r~t) ^ J S r -t,r 



|fi p -i( r )\fi p -i( r _ t )| \Sr-t,r\ 

Since V and ^ are continuous in E and radially symmetric, one therefore obtains, together 
with the co-area formula, 



/ Viy^yWiy^da^y) [ 
J s i , > Jo. _i 

-=£±9 = lim^^ 



V{y)ip{y)dy 

p-i(.T)\ n p-l-(r-t) 



S — 1 / i 



{ViPiy^dap-i^y) '^ 0+ Ify-HO W l (r-*)l ( 3 ' 29 ) 



2 



Let now t be any real number in (0,7/). Since if) (resp. A) is radially symmetric, and C 
(resp. C 1 ) on SV-t,r C E nil*, the Green Riemann formula gives 

/ div(AV$(y)dy = / A(y)V^(y) • v{y)da{y) 

JSr-t,T JdS r -t,r {6.60) 

= na n [r n ~ l G{r)F{r) - (r - t)"- l G(r - t)F{r - t)\, 
29 



where da and v here denote the superficial measure on dS r _ t ,r and the outward unit normal 
to S r _ t ,r, and G and F were defined in ()3.3|) and ([3.7)1 . By definition of F, one gets that 

/ dw(AV^)(y)dy = I dw{A n V^){y)dy, 

JS r -t,r , ' n p-l(r)\ n p-l(r-t) 



whence 



/ div(A n v^)(i/)iv^(y)rw,-i (r) (i/) 

P 1 (r) 



7 |V^(y)|-W,- 1(r) (y) 

y div(A n VV0 

= lim Vl(r) )" P " 1(r " t ; n i = div(AV^)(x) 

t^o+ |iz p -i( r )\iz p -i( r _ t )| 



since | yS*^ ^ iT . | = |fZp-i( r )\f2p-i( r _t) |- 

It follows from lEQ7|» . (ET251) . (EQ5|l and (fXHH) that 

/ [div(A c V^)(y) + |w(y)| x |VV(y)| +u; |W(j/)| - I%)V>(y)] 

J im Jn P -Hr)\ n p-Hr-t) 

t-»0+ |^p- 1 (r)\^p- 1 (r-t)| 

< div(AV^)(x) - u(z) • V^(x) + cj |W>(x)| - 

To finish the proof, pick any sequence of positive numbers (e/)/ £ N such that e\ — ► as Z — > +oo. 
Since ^ is C 2 in fz, since Aq is C 1 in Q (and even in O) and uj and V are continuous in Q (and 
even in fz), the previous inequality provides the existence of a sequence of positive numbers 
(tz)zeN £ (0, 77) such that ti — >• as Z — > +00, and a sequence of points 



^ G f)p-l( r )\n p -l( r _ tj ) C fip-i( r ) C fZ 

such that 

div(A n vjj)( yi ) + \oj( yi )\x |VV>(yj)l + ^ |V^)I -^(yi)V»(yi) 

< div(AV^)(x) - v(a;) • W(a;) + <j |V^(:e)| - F(x)^(x) + e t . 

Since p _1 (r) < i/j(yi) < p _1 (r — £ ; ) and p _1 is continuous, the points yi converge, up to the 
extraction of some subsequence, to a point y G X p -i( r ) such that 

div(A n VJ)(y) + \uj(y)\ x \Vif>(y)\ + ^ |W(y)| - V(y)tf;(y) 
< div(AV^)(a;) - v(x) ■ V$(x) + u \Vip(x)\ - V(x)ip(x), 
which is the conclusion of Proposition 13.81 □ 
Corollary 3.9 If there are uj > and \x > such that 

-dw{A n V4j){y) - \u(y)\ x \Vi/>(y)\ - u \Vt/>(y)\ + V(y)t/>(y) < ^{y) for all yeQ, 

then 

-div(AV^)(x) + v(x) ■ V'tjj(x) - uj \V4>(x)\ + V(x)if(x) < /i^(x) for all x G E n ST. 
Proof. It follows immediately from Corollary I3.6I and Proposition I3.8I □ 
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3.4 An integral inequality for the rearranged data 

A consequence of the pointwise comparisons which were established in the previous subsections 
is the following integral comparison result: 

Proposition 3.10 With the previous notations, assume that, for some (ujq,p) G IR 2 , 

-div(AVV0(x) +v{x) • V^(x) - u \V^{x)\ + V(x)$(x) < p4{x) for all x G E C\Q*. (3.32) 
Fix a unit vector e G M. n . For all r G [0, R], define 

H(r)= / |v(re)|A(re) -1 dr (3.33) 



o 



and, for all x G Q*, let 

U(x) = H(\x\). (3.34) 
Then, the following integral inequality is valid: 

A(x)|V^(x)| 2 - u \V$(x)$(x) + V{x)i){xf] e~ u{x) dx < p I ^(x) 2 e- u{x) dx. (3.35) 



Proof. Note first that, since \v\ and A are radially symmetric and since \v\ G L°°(f2*) and 
A satisfies (j3.5jl . the function H is well-defined and continuous in [0, R]. Furthermore, its 
definition is independent from the choice of e. The radially symmetric function U is then 
continuous in Q* and, since the radially symmetric functions v = \v\e r and 1/A are (at least) 
continuous in E, the function U is of class C 1 in E and 

VU(x) = Aix^vix) for all x G E. (3.36) 

Observe also that the integrals in (|3.35|) are all well-defined since ijj G Hq(£1*) and A, V, 
U G L°°(tt*) (even, U G C(VF)). 

Now, recall that the set of critical values of ip is Z = {a±, . . . , a m } with 

< ai < • ■ ■ < a m = M 

and remember that the function p defined in Subsection 13. II is continuous and decreasing from 
[0, M\ onto [0, R], from Lemma f3. 11 Fix j G {1, . . . , m — 1} and r, r' such that 

< p(a j+1 ) < r <r' < p(a,j) < R. 
Multiplying ()3.32j) by the nonnegative function ipe~ u and integrating over S r y yields 

-div(AV^)(x) +v(x) ■ V^(x) - w |W>(x)| + V{x)^{x) %p(x)e~ u[x) dx 

r ~ (3-37) 

< y. / i){xfe- u(x) dx. 
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Notice that all integrals above are well-defined since ip in C 2 in E n Q*, A is C 1 in E D fi*, 

are continuous in .E, [/ is continuous in f2* and SV,r' C E nil*. Furthermore, as in (|3.3U|) . 
the Green-Riemann formula yields 



A{x)ip(x)Vi)(x) • VU{x)e~ u{x) dx 



-div(AV^)(x) ip(x) e~ u{x) dx 

A(x)\V^(x)\ 2 e- u(x) dx- 

-na n (r') n - 1 G(r')F(r')^(r , e)e- H ^' ) + na n r n - 1 G(r)F(r)^(re)e~^ (r) . 
By f)3.36|) . it follows then that 

-div(AV^)(a?) + v(ar) ■ V^(ac) -cj |V^(x)| + t/(x)^(x)j ^{x)e~ u{ - x) dx 

e~ u{x) dx ( 3 - 38 ) 



A(x)|W>(x)| 2 - w |V^(x)|^(a:) + 1/(x)^(x) 2 

-na n {rT' 1 G{r')F{r')^{r'e)e- Hir ' ) + na n r n - 1 G{r)F{r)^{re)e- H{r) . 
On the other hand, for all s G p(Y), 

nans^ 1 F(s)G(s) = [ div(A n V^j)(x)dx, 

by (j3.7j) . The function 

s h-> J( s ) = na n s n " 1 F(s)G(s), 

which was a priori defined only in p(Y), can then be extended continuously in [0, R] from the 
results in Lemma [3. II and since div (AriVip) = —f is bounded in Q. The continuous extension 
of I in [0, R] is still called I. Passing to the limit as r — > p(a J+1 ) + and r' — > p(a>j)~ in (I3.37|) 
and ()3.38|) yields, for each j e {1, . . . , m — 1}, 



/ A»| W>(a;)| 2 - w |W(a;)|V>(aO + V{x)i){xf 

-I(p(aj)) iP{p( aj )e) e~ H ^ + I(p(a j+1 )) ^(p(a j+1 )e) e 
< y. I ^(x) 2 e- u{x) dx. 



e~ u{x) dx 

H(p(a j+1 )) 



(3.39) 



Once again, all integrals above are well-defined. Arguing similarly in the spherical shell S p ( ai ) t R 
and since i/;(Re) = 0, one obtains 



/ A(x)| V^(x)| 2 - co \Vip(x)\ip(x) + V(x)ip(x) 2 

+I(p(a 1 )) il){p{a x )e) e ~ H ^ a ^ 
< p j i)(x) 2 e- u{x) dx. 



~ u ^d 



X 



(3.40) 



Summing up (j3.39|) for all 1 < j < m—1 and ()3.40j) and using the fact that I(p(a m )) = 1(0) = 
yield (l3~351) . □ 
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Corollary 3.11 If there are u > and p. > such that 

-div(A n V^)(y) - \uj(y)\ x |V^(y)| - 0J Q \Vi/j(y)\ + V{y)^{y) < ^(y) for all yen, 
then, under the notation of Proposition WUK 

A(x)|V#r)| 2 - u \V$(x)$(x) + V{x)^{xf\ e~ u{x) dx < fj, I ^(x) 2 e~ u{x) dx. 

Proof. It follows immediately from Corollary 13.91 and Proposition 13.101 □ 

We complete this section by two remarks which proceed from the previous results and 
provide comparisons between some norms of the function if) and its symmetrization ip. 

Remark 3.12 The calculations of the previous subsections (see in particular the proof of 
Proposition 13. 8|) and Corollary 13.61 imply that, for any nondecreasing function 9 : [0, +oo) — > 
[0,+oo), 

j Q(iP(y))dy= f Q{p-\\x\))dx < ! &${x))dx 

for all < r < s < R such that [r, s] C p{Y), and then for all < r < s < R from Lebesgue's 
dominated convergence theorem. In particular, 



(ip(y)) p dy< / (*/j(x)ydx 

i Jn* 

for all < p < +oo. Remember also (as an immediate consequence of Corollary I3.6|) that 

max?/) = ^(0) > p _1 (0) = max^. 

n* n 

Remark 3.13 For any < r < s < R such that [r,s] C p(Y), it follows from the co-area 
formula and a change of variables that 

Aa{y)V^{y)-V^{y)dy 

n p-l( S )\°p-l(r) 



S 



^ ^ An(y)v p -i(t)(y) ■ v P -Ht)(y)\Vip(y)\d(Tp-i(t)(yr 



na n I t n 1 x 



s p-i (t ) 



V 

< / A(x)\Vip(x)\ 2 dx, 



\ViP(y)\- l da p - Ht) (y) 



dt 



r,s 



where the last inequality is due to ()3.16|) . As usual, Lebesgue's dominated convergence theorem 
then yields 

/ A a {y)Vip(y) ■ Vip{y)dy < j A(x)\V^(x)\ 2 dx 



Jr. s 
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for all < r < s < R, whence 



A u (y)Vip(y)-V^(y)dy< / A(x)\V^(x)\ 2 dx. 



As a consequence, 

II W>||l2(c,r«) < x IIWIU 2 (n*,R») 



from (\'6.l\) and (J3.5J) . where M A = max^A^ and mA = min^Af}. In particular, || VV>||.L 2 (n,iR") < 
|| V^||L2(Q» iR n) if A is constant in Q. 

With the same notations as above, it follows from ()3.23j) that 



/ \Vi>(y)\dy = nan/V^x 

Jn p - lM \n p - 1{r) Jr 

< / \V^{x)\dx. 



( ' da p -i (t) (y) ^ 



iv^r 1 ^- 1 ^) 



The inequality then holds for all < r < s < R, whence 

||V^||Li(n,Rn) < ||V-0||ii(n* iR ™). 

4 Improved inequalities when Q is not a ball 

Throughout this section, we assume that Q G C is not a ball. Fix real numbers a G (0, 1), 
N > and 5 > 0. Denote by E a;N ^{Q) the set of all functions ip G C 1,Q (fi), positive in Q, 
vanishing on dfl, such that 



< N and ><5x d(x, dQ) for all a; G f2, (4.1) 

where d(;r, <9f2) = min^n |# — ?/| denotes the distance between x and dQ, and we set 

iit, /n |W>(» - W>(V)| 
HV'lloi.-cn) = II^IU°°(n) + ||VV»|U»(n^») + sup _ . 

Notice that, for each ip G E a ^ Nj s(Q), one has 

V^(y) • v(y) = -\Vi/j(y)\ < -5 for all y G dtt, 

where v denotes the outward unit normal on dfl. 

Our goal here is to prove stronger versions of Corollary 13.61 and Corollary 13. 1 1| using the 
fact that Q is not a ball. In the sequel, unless explicitly mentioned, all the constants only 
depend on some of the data Q, n, a, N and 5. 
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Denote again by R the radius of Q*, so that f2* = B R . First, the isoperimetric inequality 
yields the existence of f3 — P(Q,n) > such that 

area(<9fi) = / da dn (y) > (1 + (3)na n R n -\ (4.2) 
Jdn 

where the left-hand side is the (n — l)-dimensional measure of dfl. 
For all 7 > 0, define 

U 1 = {xett, d(x,dQ) < 7}. 

Since <9f2 is of class C 2 , there exists 71 = 71 (fi) > such that Q\U 71 7^ and the segments 
[y,y — 71^(2/)] are included in fl and pairwise disjoint when y describes dQ. Thus, for all 
7 G (0, 71], the segments [y, y — 7^(2/)] (resp. (y, y — 7z/(y)]) describe the set i7 7 (resp. {x G fi, 
<i(x, <9f2) < 7}) as y describes cftl 

Lemma 4.1 There exists a constant 

l2 = l2 (n,a,N,5) G (0, 7 i] 

such that, for all tp G E^n^Q), one has: 

|W>| > - mC/ 72 , 

Vipiy — ri> {y)) • v{y) < — /or a// y G and r G [0, 72], 

2 

and 

7 5 

ip > — in £l\U.y for all 7 G [0, 72]. 

Proof. Assume that the conclusion of the lemma does not hold. Then there exists a sequence 
of positive numbers (7 ? )z g n - ► and a sequence of functions (ip l )ien G E a>N; s(ty such that one 
of the three following cases occur: 

1) either for each I G N, there is a point x l G U y i such that jV^'^Ol < V^j 

2) or for each / G N, there are a point y l G dfi and a number r' G [0,7 ? ] such that 

- rV(n')) • 1/(2/') > -5/2; 

3) or for each / G N, there is a point x l G Q\U y i such that ip l (x l ) < 7*5/2. 

Observe first that, by Ascoli theorem, up to the extraction of a subsequence, there exists a 
function ip G -E Q) tv,5(^) such that 

ip l -> ^ in C^H) as Z -> +00. 

If case 1) occurs, then, up to some subsequence, one can assume without loss of generality 
that x l — > rr G <9f2 as / — > +00, and one obtains jV^^)! < 5/2, which is impossible since 
ip G E^N^ity and 5 > 0. Similarly, if case 2) occurs, y l — > y G as / — > +00 up to a 
subsequence, and one has — iV^y)! = Vif)(y) ■ v(y) > —5/2, which is also impossible. 
Therefore, only case 3) can occur. For each / G N, let y l G dQ be such that 

d l ■= \x l -y l \ = d(x l ,dQ) > 7' > 0. 
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Up to extraction of some subsequence, one has 

x l — > x G ft as I — > +00 and ^>(x) < 

by passing to the limit as I — > +00 in the inequality ip\x l ) < r y l o~/2. Since 

^(x) > 5 d(x, dft) > for all x G ft, 

it follows that x G 9ft, whence |x — y | — ► and y — > x as / — > +00. On the one hand, the 
mean value theorem implies that 

4> l (x l ) -^ l (y l ) = , t x l -y l ^ _ v ^ (x) . v ^ x) = ag z _^ +00; 

|x' — 2/*] \x l — y l \ 

where z l is a point lying on the segment between x l and y l (whence, z l — > x as I — > +00). On 
the other hand, since = on 9ft, 

ip l (x l ) — ip l (y l ) ip l (x l ) j l 6 5 
fx 1 -y l \ ~~ d l < 2V ~ 2' 

Hence, | (ar) | < 5/2 at the limit as I — > +00, which contradicts the positivity of S and the 
fact that ib G E^jv^ (ft) . 

Therefore, case 3) is ruled out too and the proof of Lemma 14. II is complete. □ 

In the sequel, we assume that tp G E ajN) §(fl) and is analytic in ft. The data Aq, Aq, oj and 
V are as in Section El We assume that 

div(AnVV>) = -/ in ft, 

where / is a non zero polynomial, and we use the same sets Z, Y, E, ft a , S a and the same 
functions p, ip, A, v, V and U as in Section OJ 

Lemma 4.2 Assume that Q £ C is not a ball. Then there exists a constant a® = 
a (Q,n,a, N,8) > only depending on ft, n, a, N and 5 such that [0, a ] C Y and 



i(a) 



J da a {y) = area(S a ) > ^1 + na n R n 1 



for all a G [0,a ], where (3 = /3(ft,n) > was given in \4-°4l - 



Proof. Let 72 = 72(ft,a,iV, 5) > be as in Lemma l4~Tl Since < 72 < 71, it follows that 
ft\[/ 72 ^ 0, and 

72<5 
2 

from Lemma f4.ll Therefore, 



ip > > in Q\U J2 



M = max ib > 

n 2 
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and 

S a = {x E fi, ip{x) = a} C Uy 2 for all a E 



(4.3) 



Call 

72 <^ 

a = a (f2, a, N, 5) = —— > 0. 

From Lemma f4. II and the assumptions made on ip and dQ, one has that |V^| 7^ everywhere 
on the C 2 hypersurface S a for all a E [0, a' Q }. Thus, 

[0, of,] C Y. (4.4) 

On the other hand, for all y E dfl, the segment [y, y — 72^(2/)] is included in Q and there 
exists 6 E [0, 1] such that 

72^ 

i/>[y - 72^(2/)) = V'(y) -i2 v \y) ■ W(y - 9^{y)) > — , 
=0 

again from Lemma 14. II Actually, more precisely, for each ?/ G <9f2, the function 

« : [0,7 2 ]->R, s i/;(y - sv(y)) 

is differentiable and /t'( s ) — for all s G [0, 72]. It follows that, for all a E [0, a' Q ] and 7/ G <9f2, 
there exists a unique point 

My) e b/> 2/ - TaKv)] nS «- 

Moreover, for such a choice of a, the map a is one-to-one since the segments [y, y — 72^(2/)] 
are pairwise disjoint (and describe U l2 ) when y describes dQ (because < 72 < 71). Lastly, 

s a = {My), y e dn} (4.5) 

from (jOJ. 

Let us now prove that the area of S a is close to that of dQ for a > small enough. To do 
so, call 

B — {x' — (xx, x„_i), \x'\ < 1} 

and represent dfl by a finite number of C 2 maps y 1 , . . . , y p (for some p = p(O) G N*) defined 
in £>, depending only on Q, and for which 

diy j (x') x ■ • • x d n -iy j (x') ^ for all 1 < j < p and a;' G i3. 

Here, 

d l yi(x') = (d Xt y{(x'),...,d Xi yl(x'))ER n 

for each 1 < i < n — 1, 1 < j < p and x' E B, where y^(x') = (y{(x'), . . . ,y 3 n (x')). The maps 
yi are chosen so that 

dtt = {y j (x'), 1 < j < p, x E B}. 
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For each a G [0, a' Q ] and for each 1 < j < p, there exists then a map P a : B — > [0, 72] such 
that 

?p(y j (x') - ti(x')u(y j (x'))) = a for all x' G B, (4.6) 

and 

S a = {y\x') - ti(x>My j (x')), l<j<p,x'e B}. 

Namely, 

y J (x') — t^(x / )z/(y' ? (x / )) = 4> a (y J {x')) for all 1 < j < p and x' G 0. 

From the arguments above, each real number P a (x') is then uniquely determined, and £9(2') = 0. 
Since the functions ip, yi and voyi (for all 1 < j < p) are (at least) of class C l (respectively in 
Q, B and B), it follows from the implicit function theorem and Lemma f4. II that the functions 
t J a (for all a G [0, a' ] and 1 < j < p) are of class C 1 (i3) and that the functions 

M ^[0,72], a-^) 

(for all 1 < j < p and x' G £>) are of class C 1 ([0, a' Q ]). From the chain rule applied to ()4.6|) . it 
is straightforward to check that, for all a G [0, a' Q ], 1 < j < p and a;' G B, 

(hi,)' (a) = — : G (0, (from Lemma IP). 

sM v&{x>)) ■ V^{x')-ti{x')u{y'J{x'))) J 

whence 

< ti(x') = ^,(a) < 2<T 1 a (4.7) 
because ^(0) = t 3 (x') = 0. Similarly, 

d t j (x>) = &yi(x')-ti(x')d t (voyJ)(x')] ■ V^(x')-ti(x')v(yJ(x'))) 

is(yi(x>)) ■ ViP{yi{x')-ti{x>)v{yi{x'))) 

for all a G [0, a' ], 1 < i < n — 1, 1 < j < p and a;' G £>. For all 1 < j < p and x' G i3, one has 
il){yi(x')) = 0, whence diyi(x') ■ Vip(yi (x 1 )) = (for all 1 < i < n — 1). As a consequence, 

ivoo • v^cao -*i(a0Ky*(a0))i < Ci >< a^')r 

for all a G [0, a' ], 1 < i < n — 1, 1 < j < p, x' G £>, and for some constant C\ defined by 
C 1= max |^/(0I x sup < +oo. 

l<i'<n-l, l<j'<p, 2 ^'e!) |2 — Z'\ a 

Observe that C\ = Ci(fl, N) only depends on Q and N (remember that H^llc 1 ' ^) < N). Call 
now 

C 2 = C 2 (n,N)= max _ ^,(1/ o /)(£))| x sup|V^(z)| < +00, 

l<i'<n-l, l<i'<p, £eS zg Q 

which also depends on Q and N only. Together with (|4.8j) and Lemma l4~T| the above arguments 
imply that 

MW\ < 16- x [Ci x (P a (x')r + C 2 x ti(x')\ 

< 25- 1 [Ci x {25- l a) a + 2C 2 x tf^a] from (jUj) 
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for all a G [0, a' ], 1 < i < n — 1, 1 < j < p and x' G B. 

It follows that, for all i] > 0, there exists Oq = a^fi, a, N, 5, 77) G (0, a' ] such that, for all 
a G [(),<], 

sup J^zWXaOl <V- (4-9) 

l<i<n-l, l<i<p, z'eS 

Finally, there are some open sets U 1 , . . . , U p C B such that 



v f 

area(<9fi) = V / l^x^Ca;') 

.7=1 ^ 



X • • • X 0* n — lJ/^X^OI d^' 



where the sets {yi(x'), x' G C/ 3 } for j — 1, . . . ,p are pairwise disjoint and, for any e > 0, there 
are some measurable sets V 1 , . . . ,V P C B such that 

<9ft = {y j (x'), 1 < j <p, x G ^'}, 

and V- 7 D CP, / lyj\jjj{x')dx' < e for all I < j < p. Since all functions y* and t{ u o yi (for 

Jb _ 
all a G [0, ag] and 1 < j < p) are of class C 1 (B), since each function <p a is one-to-one and since 

(ET31) holds, it follows that 



area(S a ) = V / |<W - t> o yi)(x' 
3=1 Jw 



) x ■ ■ • x <9 n _i(|/ j - t 3 a v o 2/- 7 )(a: / )| da/ 



for all a G [0, a' }. 

One concludes from ()4.9|) that, since (3 = /3(Q,n) in ()4.2j) is positive, there exists a positive 
constant a = a (Q, n, a, N, 5) G (0, a' } which only depends on Q, n, a, N and 5, and which is 
such that 

|area(E a ) — area(<9f2)| < — na„-R n_1 for all a G [0, a ]. 



As a consequence, one has 



i (a) = arca(Il„) > ( 1 + ^ ) na„i? n :l 



for all a G [0, ao]. The area of E a is well-defined for all a G [0, ao] since [0,a ] C [0,a' Q ] C F 
because of ()4.4|) . 

That completes the proof of Lemma 14.21 □ 

Lemma 4.3 Assume that Q G C is not a ball. Then, with the notations of Section d and 
Lemma \4-^\ one has 

(i + f) p _1 (M) 

/or all i6ll* sfic/i t/iat p(oo) < H < -R- 
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Proof. From Lemma f4. 21 one knows that 



Sp(a ),R C E. 

Notice that < p(a ) < R. Fix any x G Vt* such that r = \x\ E [p(a ),R] (that is p~ l (r) G 
[0, ao] C Y). Formula ()3.22j) of Section El implies that 

< \f/(p-Hr))\ x |V#r)|. 

na„r" 1 

But 



z(p x (r)) 



from Lemma [4.21 Thus, 



J da p -i(r){y) = axea(S p -i (r )) > f 1 + na n R n 1 



> ( 1 + ^) na n r n ~ l 



l + ^<\p'(p-\r))\x\V^(x)\. 



The conclusion of Lemma fOl follows from the above inequality, as in the proof of Corollarv KKil n 
The improved version of Corollary 13.61 is the following: 

Corollary 4.4 Assume that Q G C is not a ball. Then there exists a positive constant 77 = 
r)(Q,n,a, N,5) > depending only on Q, n, a, N and 5, such that 

${x) >(1 + V) P~\\x\) 

for all ifSl*. 

Proof. Let e be any unit vector in R n . Let $ be the function defined in [0, R] by 

$(r) = ip(re) for all r G [0, R). 

This function is continuous in [0, R], differentiable (except at a finite set of points) and de- 
creasing in [0, R]. Furthermore, Proposition 13.51 and the fact that p _1 is decreasing in [0, R] 
imply that 

-$'(r) > ~(p~Hr)) > 
dr 

for all r G p(Y) = (0, p(a m _i))U- ■ - U(p(a 2 ), p(ai)) U(p(ai), i?]. As in the proof of Corollary 13 .61 
the mean value theorem yields 

4>{re) - 4>(p(a )e) > p~ l {r) - a 
for all r G [0, p(a )]. For each such a r in [0, p(a )], one has p -1 (r) G [a ,M] C (0,M], whence 

^(re) > i + y>(p(o )e) - a > 1 + /3a 



p _1 (r) P _1 ( r ) 2p~ 1 (r) 
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from Lemma 14.31 Remind that M denotes the maximum of if), so that p 1 (r) < M < N. 
Hence, one obtains 

?(re) > (l+ p~\r) for all r G [0,p(a )]. 

As in the proof of Corollary 13. 6[ the conclusion of Corollary 14.41 follows from the above 
inequality and from Lemma 14 .3( with the choice 

m at x\ ■ ( I 3 @ a °\ @ a ° ^ n 
ri = ri(ll,n,a, JM ,o) = mm — , = > (J 

for instance (notice that a® < M < N). □ 

Lastly, the following corollary is an improved version of Corollary 13.111 
Corollary 4.5 Assume that Q G C is not a ball. If there are uj > and \x > such that 
-div{A n V4j){y) - \u(y)\ x \Vi/>(y)\ - u Q \Vi/>(y)\ + V{y)^{y) < ^(y) for all yeQ, 
then, under the notation of Section [3J 

A(x)|V^(x)| 2 - LJ \Wii(x)\^(x) + V(xU(x) 2 ] e~ u( - x) dx < [ ^{xfe^^dx, 

J 1 + V Jn* 

where the positive constant r\ = r)(fl, n, a, N, 5) > is given in Corollary ' \4-4\ an d depends only 
on fl, n, a, N and 5. 

Proof. Under the assumptions of Corollary 14 .f^ it follows from Proposition 13.81 and Corol- 
lary EIU that 

-div(AVV0(a;) + v(x) ■ Vtjj(x) - u \V^(x)\ + V(xWx) < /ip _1 (|a;|) < -^—^(x) 

l + i] 

for all x G E fl Q* . The conclusion of Corollary 14.51 then follows from Proposition 13.101 □ 

5 Application to eigenvalue problems 

The present section is devoted to the proofs of some of the main theorems which were stated 
in Sectional We apply the rearrangement inequalities of the previous two sections to get some 
comparison results for the principal eigenvalues of operators which are defined in fl and in fl*. 
Here, the data have given averages or given distribution functions, or satisfy other types of 
pointwise constraints. 

We shall use a triple approximation process. First, we approximate the diffusion and the 
drift coefficients in fl by smooth functions. Second, we approximate the principal eigenfunc- 
tions in fl by analytic functions. Lastly, we approximate the symmetrized data in fl* by 
coefficients having the same distribution functions or satisfying the same constraints as the 
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original data in Q. Section 15.11 is concerned with the latter approximation process. In Sec- 
tion we deal with the case of general non-symmetric operators for which the inverse of the 
lower bound A of the diffusion matrix field A has a given L 1 norm, the drift v has a given L 2 
norm with weight A -1 and the negative part of the potential V has a given distribution func- 
tion. Lastly, in Section HHfl we consider diffusion matrix fields A whose trace and determinant 
satisfy some pointwise constraints. 



5.1 Approximation of symmetrized fields by fields having given dis- 
tribution functions 

In this subsection, Q denotes an open connected bounded non-empty C 1 subset of ~R n and Q* 
is the open Euclidean ball which is centered at the origin and such that \Q*\ — \Q\. In this 
subsection we do not require Q to be of class C 2 . Call R > the radius of Q*, that is Q* = Br. 
For < s < s' < R, one recalls that S SjS > = {z G R n , s < \z\ < s'}. 
Let ip : Q — > R be a continuous function. Call 

m = rnin'0 and M = maxijj. 
n u 

For all a < b G R, denote 

Q a = {x £ Q, a < ip(x)}, Q ai b = {x G Q, a < ip(x) < b} and E a = {x G Q, ip(x) = a}. 
One assumes that 

|E a | = for all aeR. (5.1) 
It follows then that m < M. For each a G [m, M], set 




The function p : [m, M] — > K is then continuous, decreasing and it ranges onto [0, R\. 

Lemma 5.1 Under assumption ()5.i|) . let g be in L°°(Q, M) and h in L°°(i7*,M) and radially 
symmetric, and assume that 

V m < a <b < M, / g= h. (5.2) 

Then there exist a sequence of radially symmetric functions (gk)keN ^ n -^°°(fi*,R) and two 
sequences of radially symmetric C°°(f2*,IR) functions (g k )ken and (g~k)km su °h that 

gk — ^ h, g k — ^ h and g k — ^ h as k — > +oo 
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in a(L p (fl*), 1^' (fl*)) for all 1 < p < +00 (weak convergence, with 1/p + 1/p' = 1 for 1 < p < 
+00, and weak-* convergence for p = +00 and p' = l), 2 and 

\{x G fl, g(a;) > t}| = |{s G fi*, g fc (x) > 01 / or allt eR and fceN, 
|{x G fl, g(:r) > t}\ = \{x G f2*, g k (x) > t}\ for all t el and fcGN, 
ess inf g < g, < g& <g k < ess sup g a.e. m fl* for all k G N. 

Remark 5.2 The functions g^ and g k are actually constructed so that 

9k ~ g k ^ and — g fc — » as — > +00 in L 9 (f2*) 
for all g G [1, +00) (see the proof of Lemma [5.1)1 . 

Remark 5.3 The functions g k then have the same distribution function as g and the functions 
g k (resp. g k ) then have distribution functions which are less than (resp. larger than) or equal to 
that of g. Moreover, if one further assumes that g and h are nonnegative almost everywhere in 
Q and fl* respectively, then the functions g k (resp. g , g k ) are nonnegative almost everywhere 
in fl* (resp. everywhere in fl*). The same property holds good with nonpositivity instead of 
nonnegativity. 

In order not to lengthen the reading of the paper, the proof of this lemma is postponed in the 
Appendix. To finish this subsection, we just point out an immediate corollary of Lemma 15. 11 

Corollary 5.4 In addition to Jjl . assume that ip is in C l {fl), ip = m on dfl, ip > m in 
fl, and ip has a finite number p of critical values a{ with m < a% < ■ ■ ■ < a p = M. Let 
g G L°°(fi, R) and g G L°°(fl*, R) be defined by 

g{y)\^^{y)t l d(y p -i { \ x \)(y) 

g(x) = (5.3) 

for almost every x G fl* such that \x\ 7^ p(a p ), ■ ■ ■ , p{ai), where da a denotes the surface measure 
on S a for a G [m, M] which is not a critical value of ip. Then the conclusion of Lemma 15.11 
holds for h = g. 

Proof. It is enough to prove that the function g defined by (15. 3|) is indeed well-defined, 
bounded and radially symmetric and that property ()5.2|) is satisfied with h = g. To do so, 
choose first any two real numbers a < b in [m, M] such that a« G" [a, 6] for all i = 1, . . . ,p. 
From the co-area formula and Fubini's theorem, one has 



a,b 



9(y)\dy = / / \g(y)\ x \ViP(y)\~ L da s (y) )ds < +00 (5.4) 



2 This convention is used throughout the paper. 
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and the quantity 

\g(y)\ x \V1>(y)\- x da a {y) 



is therefore finite for almost every s G [a, b}. The quantity 



p-l(r) 



|VV'(y)r 1 do- p - 1(r) (j/) 

S p"l(r) 

is then finite for almost every r in [p _1 (6), p _1 (a)] and for all m < a < b < M such that 
{a%, . . . , a p } PI [a, 6] = 0. In other words, (7 is well-defined for almost every x G fi* such that 
I a; I 7^ p(fli), ■ • • , p(flp)- Moreover, the function g is in L°°(Q*, M), 

ess inf g < ess inf g < ess sup g < ess sup g 

n* n* q* q* 

and g is clearly radially symmetric. 

On the other hand, the same calculations as the ones which were done in Lemma 13.21 in 
Section El imply that the function p is actually differentiable at each value a G" {ai, . . . , a p }, 
with 

p'{a) = -{na nP {a) n - 1 )- 1 [ \V4>{y)\- l da a {y). 
Coming back to ()5.4jl . the change of variables s = p~ x {r) then yields 

P{a) ( r \ na r n-l 

g{y)dy=i^ ^IV^v)!"^^*) ] " 



g(y)dy= / / g(y)\^^(y)\ 1 da p -i {r) (y)\ — dr, 

Jp{b) V^-Hr) J / ^(y^da^y) 



s — 1 / \ 



that is 

g{y)dy= I g(x)dx 



Sp(b),p(a) 



for all a < b in [m, M] such that {a 1; . . . , a p } fl [a, 6] = 0. Since |E C | = for all c G [m, M] 
(and then p is continuous), one gets from Lebesgue's dominated convergence theorem that 



g 

for all a < b in [m, M] and then the conclusion of Corollary 15.41 follows from Lemma 15.11 □ 



5.2 Operators whose coefficients have given averages or given dis- 
tribution functions 

In this subsection, we consider operators for which A > Aid, and A and v satisfy some integral 
constraints while the negative part of the potential V will be fixed. 
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Proof of Theorem 12.11 It will be divided into several steps. Throughout the proof, we fix 
VleC, A G W 1,ao \Tl, «S n (M)), A G u G L°°(fi,M n ) and 1/ G C(O). 

Call 

< itia = ess inf A < ess sup A = M A < +oo (5.5) 
n n 

and assume that 

A > A Id a.e. in ft. (5.6) 

and that 

\i(£l,A,v,V) > 0. 

Step 1: Approximation of A in ft. Write first 

A(x) = (ai,j(a;))i<ij< n . 

Each function a^j is in W 1,ao (VL) and is therefore continuous in ft (up to a modification on a 
zero-measure set). For each x G ft, call A [A] (a;) the lowest eigenvalue of A(x), that is: 

Vxefl, AMl(x) = min A(ar)£ • £. 

-^n | 5 | = i 



The function A [A] is then continuous in ft and 

A [A] (a;) > A(x) a.e. in ft 

because of (|5.6|) . In particular, A[AJ(x) > m\ for all iGfi, where m A > has been defined in 
f!5.5|) . There exists then a continuous function A in IR n such that 

A(x) = A[A}(x) for all x G ft, and m A < A(x) < ||A[A]|| L oo (C ) for all x G R n . 

We first consider the case when m\ < M\. Thus, 

A(y)-\y)dy>M A 1 \n\, 

Jn 
whence 

e:=M A - IIA-^l^njIfil G (0,M A -m A ]. 
Pick any e in (0,e). Let J £ be the function defined in [0, Ma — m A — e] by 

V r G [0, M A — m A — e], J £ (r) = / max (min(A(y), Ma — e), tma + r) _1 cfy. 

in 

This means that the function A is truncated between m A + r and M^ — e. The function J e is 
Lipschitz-continuous and nonincreasing in [0, Ma — m A — e\. Furthermore, 

J e (0) = / mm(A(y),M A -e)- 1 dy> [ A(y)- 1 */ 
Jn Jn 
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since M A — e < M A = ess sup Q A, while 

J £ (M A - m A - e) = (M A - < (M A - e)- 1 ^! = / Hy^dy 

Jn 

owing to the definition of e. Therefore, 

r(e) :=min jr G [0,M A -m A -e], J e (r) = J A(2/) _1 ^| 

is well-defined and < r(e) < Ma — m x — s. 
Moreover, we claim that 

r(e) -> + as £ -> + . 

If not, there exist G (0, M A — tha] and a sequence (e p ) pe N G (0,e) such that e ? 
r(e p ) — >• as p — > +00. Then, 

/ K(y)~ l dy = J £p {.r(e p )) = / max (min(A(j/), M A - e p ), m A + r(e p ))~ 

</n 

-> / max(min(A(?/),MA),mA + r 00 )~ 1 (iy, 

whence 



/ A(y) l dy= I max(A(y), m A + r^) My 
Jn Jn 



and A > mA + > mA a.e. in fi, which is impossible. 
Choose a sequence (efc)fc g N of real numbers such that 

< Sk < £ for all fceN, and — > as — > +00. 

For each k G N, call 

Tfc = r(e fc ) G (0, M A - m A - 

It then follows from ()5.7|) that 

rfe — > as fc — > +00. 

Then, for each fceN, denote 

An,fe = max (min(A, M A - £*.), mA + r k ) a.e. in 
and define the function A fc in W 1 (almost everywhere) by 

a (v\ = S A ^(y) if v e n, 

- fciy; \ m A + r fe if y G E n \0, 
and the continuous function A fc by 

A fc (y) = max(A(y), m A + r fc ) for all y G 
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Notice that 

/ A k (y)- 1 dy= [ AnAvr'dy = J ek (r k ) = I Hyy'dy 
Jq Jq Jq 

for each k e N. Observe also that 

< m A < m A + r k < A k < M A - e k < M A , A k < A k a.e. in R n , 

and that 

A k < max(||A[A]|| L oo ( n),m A + n) = ||A[A]|| £ oo (n) in R n , 

because \\A[A] > ess sup n A = M A > m A + r k . 

Let (p k ') k ' e n be a sequence of mollifiers in R n . For each (k, k') e N 2 , call 

Afc,fc' = (pf * A fe and A fe fc , = (p v * A k x ) _1 

that is 

A fciA; '(i/) _1 = / p k <(z)A k (y - z)~ 1 dz and A k k ,{ y y x = / Pfc'(2:)A fc (y - y) 

for all y € R™. The functions A fe)fe / and A fe fc , are of class C°°(R n ) and they satisfy 

< m A < m A + r fc < A fe)fc ,(y) < M A - e k < M A 

and 

A k ,Av) < KAV) < l|A[A]|| L =o (n) for all y E W\ 
Furthermore, for each fceN, 

A^, -> A fc 1 in Lf oc (R n ) for all 1 < p < +oo as k' -> +oo 

and 

Afc^/ — > Afc = max(A[A], m A + r^) uniformly in Q as A;' — > +oo. 

Actually, since A fc 1 — > A 1 uniformly in R™ as k — > +oo (because — > as 
A > m A > in R n ), one even has that 

Ak,k' ~ Afc — > uniformly in f2 as (fc, fc') — > (+oo, +oo). 

Call, for each (Jfe, Jfe') e N 2 , 

||A^,|| L l(Q) 

ll A 

Define the function A almost everywhere in R n by: 

f A in ft, 
- \ m A in R n \ft. 

Since < m A < A < M A a.e. in R n and r k — > as Jfe — > +oo, it follows that 

||A fc - A|| LO o (R n) — > and HA^ 1 - A _1 || L oo( K n) — > as k — > +oo. 
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Thus, 

IIAfci-A _1 |Ui(n) < l|Pfc'*(Ai" 1 -A- 1 )|| L i ( n)+||pfc'*A~ 1 -A- 1 ||ii ( n) -> as -> 
whence 

IIA fcfc ,|| L i { n) - || A^ 1 , 

«fc fc' — 1 — rr- — — -r: > U as (fc, fe ) -> (+00, +00). (5.12) 

l|A ||ii(n) 

Furthermore, because of ()5.9|) and (|5.10p . there holds 

ockk' — 1 — ^~ fc ' fc ~7j rzi ^~ fc ^ ~ — * as k' — > +00, for each k G N. (5.13) 
l|A 1 1 Li(n) 

Define now 

A k ,k>(y) = a k ,k>Ak,k'(y) for all y G Q and (A;, fc') G N 2 . 
The functions A^/ are of class C°°(Q) and they satisfy 

/ ^M^dy = [ A(y)- l dy for all (k, k') G N 2 , (5.14) 



and 



< ot k , k > x (m A + r fc ) < Ajfc )fc / < a fe)fc / x (M A - e k ) in for all (k, k') G N 
a/c,fc' x (ttt-a + T k ) — ► m A + Tfc for all G N, 

a fc)fc » x (M A - e fc ) -> M A -e k for all fc G N, 

k'— >+oo 
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(5.15) 



together with 

||A-^ - A _1 || L i(n) -> as (k, k') -> (+00, +00). (5.16) 

Lastly, 

Afe,fc' = otk,k>kk,k> - ttfc,fc'A fcjfc / in for all (fc, fc') G N 2 (5.17) 

and 

OLk,k'^k,k' ~ A/,. — > uniformly in f2 as (fc, fc') — > (+00, +00) (5.18) 

from (jOT^I and (JHH2J) - 

In the case when m A = M A , namely when A is equal to a constant (up to modification 
on a zero-measure set), then one sets A fcjfc / = A kk , = A k = An }k = A, a k ,k' = 1, A fc = A, 
£fc = Tk = and properties ()5.14j) . (|5.15|) . (|5.16|) . ()5.17|) and (j5.18j) hold immediately. 

Step 2: Approximation of A in fl. Let us now approximate the W 1,oc (il) matrix field A = 
(oij)i<j.j<n- First, each function ay can be extended to a W /1,00 (IR n ) function ay such that 

|| a iJ ||l°°(R™) = || a ij |U°°(n) an d II Vay||x°o(]Rn) = II Vay ||z°°(n)> 

whence 

|| a M II W /1 '°°(R n ) = ll a i,jll W 1 '°°(fl) — ll-^llw 1 ' 00 ^)) 
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where we recall that ||A||wi,oo(n) = max 1 <j iJ < n ||ajj||^i,o°(n)- Since the matrix field A = 
( a i,j)i<i,j<n is symmetric, the matrix field (jSij)i<ij< n can be assumed to be symmetric. For 
each 1 < i,j < n, the functions p k i *aij are of class C°°(M ra ) and converge uniformly to a it j in 
Q as k! — > +00. Furthermore, 

||V(pfc' *%j)\\L°°(M. n ) < II Vaij||L°°(M") = II Vaij II l°o (n) < ||ai i3 -||wi.°°(«) < ll^-llw 1 . 00 ^) 

for all k! G N and 1 < i, j ; < n. For each A;' G N, the matrix field (p k > * ^i,j)i<ij<n can 
be approximated in C 1 (fi) norm by symmetric matrix fields with polynomial entries in O. 
Therefore, there exists a sequence of symmetric matrix fields (A' k ,) k i E ^ — {{ a 'k' ,ij)i<i,j<n)k'es 
in Q with polynomial entries a'k'ij such that, for all 1 < i,j < n, 

a 'k',i,j ~^ a i,j uniformly in fl as k' — > +00 (5.19) 

and 

limsup llVa^-ll^n) < || Va^- < ||^||w^<*>(n)- 

k'^+oo 

Call 

Vk,k'=n 2 x max ||a' fe / ^ ,■ - a i .-|| LOO (n) + ||A fc - a k>k >A k k '\\L°°(a.) + n- 

l<i,j<n ' ' J 

Because of (15.18)) . (|5.19j) . and since r k — > as k — » +00, there holds 

Vk,k' —> as (A;, k') — > (+00, +00). 

The symmetric matrix fields 

^4fc,A:' = ^.fc' + %,fe'Id = (cLk,k',i,j)l<i,j<n 

with polynomial entries dk,k',i,j are such that 

a k,k',i,j a>i,j uniformly in f2 as (A;, k') — ► (+00, +00) (5.20) 

and 

sup limsup || Va fc , fc ',ij|U^(Q) < || Va i)i7 - |U°°(n) < ||-A||wi.°°(«)- ( 5 -21) 

keN k'^+00 

Furthermore, for each (A;, k') G N 2 , x G and £ = (£1, . . . , £ n ) Gl" with |£| = 1, there holds 

A k)k >(x)£, ■ £ - A k , k ,(x) 

= Y] ( a 'k',i,j( x ) - a i,j( x ))^j + n 2 x max \\a' k , t j - a hj \\ L ^ {n) 

l<ij'<n 

• £ - A fc ,fc'(x]_+ ||A fc - Ofc,it'A fe)fe /||ioo( n ) + r fc 

> A[A](x) + r fc - a k>k rA k)k/ (x) + ||A fc - a k ^A ktk > (because of (15.171)) 

> 

because A[A] + r k > max(A[Aj, m\ + r k ) = A k in Q. In other words, 

A k ,k'(x) > A k ^(x)ld for all (k, k') G N 2 and x G H, (5.22) 
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in the sense of symmetric matrices. 



Step 3: Approximation of v in f2. Call 



< m v = ess^inf |f | < ess sup |i>| = \\v \\L°°(n,R n ) = IMloo = M v < +00. 



We first consider the case when m v < M v and < M\. In particular, it follows 
that My = || v || oo > and that there exists 

e G (0,M v -m v ) such that (M v - e'f x / A(y) _1 cfy > / \v(y)\ 2 k( y y l dy. (5.23) 

Jn Jn 

Call K the function defined for all e' G [0,s'] by 

K(e')= [ [\v(y)\*-rmn(\v(y)\ 2 ,(M v -e'f)]><A(yr l dy. 
Jn 

The function K is continuous and nondecreasing in [0, e'], vanishes at and is positive in (0, e'] 
due to the definition of M v . Let the sequences of positive numbers {e k ) k& n and (r k ) k( z^ be as 
in Step 1. Since max(e fc , r k ) — > as k — > +00, one can assume without loss of generality that 



\Vl\M 2 

- — x max(e fc , r k ) < K(e') for all k G N. 



For each fceN, call 



4 = miiJe' G [0,5'], 



x max(5 fc ,r fc ) = K(e') 



From the above remarks, e' k is well-defined and < e' k < e' . Furthermore, K(e' k ) = 
max(e k ,r k ) x |fi|Mjm^ 2 — > as A; — > +00, whence 

e' k — > + as — > +00. 

Fix now any unit vector e G M n . For each /c G N, let be the function defined for all 
t' G [0, M v -m v - e' k ] by 



\vn,k,T>(y)\ 2 An,k(y) l dVi 



(5.24) 



where 



{ (M v - e' k )\v{y)\-\{y) if \v{y)\ > M v - e' k , 

v(y) if m v + t' < \v{y)\ < M v - e' k , 

(m v + r')\v(y)\~ 1 v(y) if m v < \v(y)\ < m v + r', 

(m v + r')|v(y)| _1 v(y) if \v(y)\ = m v and m v > 0, 

(m v + r')e if |f 



(5.25) 



and m v = 0. 



Each function L k is Lipschitz-continuous in [0, M v — m v — e' k ] and 

L k (0)= [ m.m(\v{y)\ 2 ,{M v - e' k f) K^kivVdy, 

50 



n 



whence 



L k (0)~ / \v{y)\ 2 k{y)- l dy = / mm {\v(y)\^ (M v - e' k ) 2 ) ■ (A^y)- 1 - A^dy - K(e' k 



n Jn 

\tl\M 2 

< rxmax(^rt) - K(e' k ) 



m 2 A 



= 

due to the definitions of Au,k (see (15. 8j) ) and wa, Ma, M„ and e^.. Furthermore, 
L fc (M,-m t) -4) = (M,-4) 2 / A^ k {y)- l dy={M v -e' k ) 2 [ A{y)- l dy> [ \v{y)\ 2 A{y)- l dy 



from (|5.9|) and (|5.23|) (remember that < e' fc < e' < M v — m v < M v ). Therefore, by continuity 
of L k , the real number 

r' k = mm jr' G [0, M v - m v - e' k ), L k {r') = \v(y)\ 2 A(y)- l dy^ (5.26) 

is well-defined and < r' k < M v — m v — e' k . Moreover, r' k — > as k — > +oo. Otherwise, up to 
extraction, there exists r > such that r k — > r as k — > +oo, and 

L k (r' k ) ^ [ max(\v(y)\ 2 ,(m v + r) 2 )A(y)- 1 dy> [ \v{y)\ 2 A{y)- 1 dy 



by definition of 77v This is impossible by definition of r' k . 
Call now 



' 1 k 



Notice that, for each k 6 N, the vector field is in L°°(f2,IR n ) and it satisfies 

rriv + r fc — ess ^ l^fcl < ess sup |t>n,/c| < Af„ — e' k 

and 

/ \v n 4y)\ 2 A n , k (y)- 1 dy = L k (T' k )= [ \v(y)\ 2 A(y)- l dy. (5.27) 
Jn Jn 

Write now the vector fields v and vn tk as v = (vi, . . . , t>„) and v^ ;k — ( v k,u ■ ■ ■ > ^fc.n), extend 
all functions i>j and t> k ^ by in IR n \f2, call v { and w fc i these extensions. Set 

v = (Hi, ■ ■ .,0 and w fc = (v M , . . . ,v k>n ). 

One then has that 

WlLk ~~ n\\L°°(R n ,R n ) — * as fc — >• +oo (5.28) 
since (e' fc , r^) — * (0, 0) as k — ► +oo. For each (fc, fc') G N 2 , denote 
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where (pk')k'm is the same sequence of mollifiers as in Step 1. The vector fields 

— k k' 

then 

of class C°°(R n ,JR") and they satisfy 

ll^fc,fc'IU°°(K",iR") < ||^fclU°°(K«,K") <M V - 4 < M v = H^Hoo for all (k, k') G N 2 . 

For each fixed fceN, the fields y_ k>k , converge to v k ^ n = v^ k as k' — > +00 in all spaces L P (Q) 
for 1 < p < +00. Actually, one also has that 

\\v k ,k> - v n,k\\LP(n,M. n ) + \\Hh,k' ~ v \\LP(n,R™) -> as (k, k') -> (+00, +00) 
because of fpT2Sjl . Together with (JSHSJ, <|?TT?>j> and (pTTEjl . it follows that 



Vk,k'(y)\ 2A k,k'(y) 1 dy -> / Ky)| 2 A(y) 1 dyas(k,k') 



v +oo, +00). 



Remember that the limit in the right-hand side is positive because M„ > here. Then the 
positive real numbers 



Pi 



k,k> 



\v(y)\ 2 A(y)- l dy ^ 



1/2 



\v k Av)\ Afc, fc /(y) cfy 



are well-defined for fc and fc' large enough (one can then assume for all (k, k') G N 2 without 
loss of generality) and f3k, k ' — » 1 as (k, k') — > (+00, +00). Moreover, for each k G M, 



Pk,k' 



\v k Ay)\ 2 ^Kk>{y) l dy 



VkiyWMy^dy / |<My)| 2 An,*(2/) ^ 



|^( 2 /)| 2 A( 2/ )- 1 C ?2/ 



MvtfAiy^dy 



because of fl5~TO . dSHHD and (pT27j) . 

Set 

^fc,fc'(l/) = Pk,k'V k ,k'(y) for all y G and (fc, fc') G N 2 . 
The vector fields are in C°°(f2,lR n ) and they satisfy 

/ \v k Ay)\ 2 ^kAy)~ 1 dy= I \v(y)\ 2 K{ y y l dy for all (k,k')EN 2 
Jn Jn 

and 

|K,fc'|U°°(n,R™) < /3fc,fc'|l^fc,fc'IU°°(K' l ,K") < x (IML -4) for a11 (bV) e ^ 2 



(5.29) 



x (IN 



ejj. as k' — >■ +00 for all fceN, 



(5.30) 



— u|Up(n,R n ) — > as (A;, fc') — > (+00, +00) for all 1 < p < +00. 



Consider now the case when m v < M v and = M\. Namely, up to modification on 
a zero-measure set, A is constant. Choose e' G (0, M v — m v ) such that ()5.23|) holds, namely 



(M v -e'Y\n\ > / \v(y)\ 2 dy 



(5.31) 
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Take any sequence (e' k )k^N in (0, e') such that e' k — » as fc — > +00. For each fc G N and 
r' G [0, M v — m v — e' k ], define L k {r') as in (|5.24jl with A^,fc = A. Each function L k is Lipschitz- 
continuous. Moreover, 

L fc (0) = A- 1 / min(|t;( I /)| 2 J (M t> -ei) 2 )dy<A- 1 I \v{y)\ 2 dy= [ \v{y)\ 2 A{ y y l dy 
Jn Jn Jn 

since < M v — e' k < M v , and 

L k (M v -m v -e' k ) = (M v -e' k ) 2 A- 1 \tt\ > (M v — s') 2 A~ l \Q\ 

> A- 1 / \v(y)\ 2 dy = [ \v(y)\ 2 A(y)- l dy 



from (|5.3ip . Therefore, the real numbers r' k given in ()5.26|) are well-defined and are such that 
< r k < M v — m v — e' k for each fceE We then keep the same definitions of v$i )k , v, v k , v k k ,, 
/3 k)k > and v k)k > as above and properties (|5.29|) and (|5.3U|) hold. 

Lastly, in the case when m v = M v = |H|oo> namely when \v\ is equal to the constant 
\\v \\oo almost everywhere, then v is kept unchanged. We set v k k , = v kjk i = v, /3 kjk t = 1, £ k = 0' 
and properties ()5.29|) and ()5.30|) hold. 

Step 4: Approximation of the eigenvalue A, v , V). Consider first the case when 

m v < M, = |H|^. For each fc G N. it follows from (15.141) . l OHjl . (jE22D, flo~231) and (l5~3Uj) that 
there exists an integer fc'(fc) > fc such that the C°° fields 

A k = ( a k,i,j)i<i,j<n = ^4fc,fc'(fc), Afc = Akfifc) and v k = v k ,k'{k) 
satisfy, for all fc G N, 

/ r 

-1 r , / A/„.\-l 



Mv)~ L dy= Mvrdy, 
ft 



0<™ A <m A + |<A fc <M A -f <M A inO, 



4fc(y) > Ajfc(j/)Id for all y G SI, (5.32) 
« fc (y)rA Jfc (y)- 1 dy= / My)!^)"^?, 



11 n / n n £ k / n n 

||^ft||L°°(n,iR") S |p ||l°°(q,K") — — S |p||i°°(n,R«)- 

Notice that this is possible in both cases m A < M A (then, and r k are all positive) or 
m A = M A (then, = r k = for all k G N). Notice also that e^. > for all k G N in this case 
when m v < M v . Furthermore, the matrix field A k is symmetric with polynomial entries a k ,i,j 
in H, and, by (1531 . (l5~2T| and (jOljl . 

Ofc,i,j — > fljj' uniformly in Q as — > +00, 

limsup||Va fcii j|| L oo (c) < || Va itj \\ L oo^ < \\A\\ W h°°(n) for all 1 < i,j < n, (5 33) 

\\v k — f IU p (ft,R' 1 ) — > as — > +00 for all 1 < p < +00. 

In the case when m v = M v = ||f||ooj then one sets v k = v for all fc G N, and properties 
flSHH) and ((05j) still hold (with ej. = in that case). 
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Let us now prove that 

Ai(f2, A k , v k , V) -> Ai(fi, A, v, V) as k -> +00. (5.34) 

Notice first that each operator — div(v4 fc V) + v k ■ V + V is elliptic because of (|5.32j) . Fix an 
open non-empty ball B such that Bcfl. It follows from jH] that 

mini/ < Ai(fi,Afc,w fc ,y) < Ai(£, A k , v k , V) for all k G N. (5.35) 

Furthermore, properties ()5.32|) and ()5.33j) imply that the sequences of matrix fields (A fc ) fcgN 
and (A^ 1 )fc g N are bounded in W /1, °°(fi) (and then in W 1 '°°(B)), and that the sequence of vector 
fields (ffc)fcgN is bounded in L°°(Q), and then in L°°(B). From Lemma 1.1 in [14] . there exists 
then a constant C independent from k such that 

Xx(B,A k ,v k ,V) < C for all k G N. 

Together with (]5.35|) . it resorts that the sequence (Ai(fi, A k , v k , V))k<=n is bounded. Thus, for 
a sequence of integers n(k) — > +00 as k — > +00, one has that 

Ai(fi, A n(fc) , w n(fc) , ^ A G R as fc ^ +00. 

For each k G N, call <y9 fc the principal eigenfunction of the operator — div(/l fc V) + v k ■ V + V 
in with Dirichlet boundary condition, such that m&x^Lp k = 1. Namely, each function ip k 
satisfies 

-div(A fc V^) + v k ■ Vip k + V(p k = Xi(Q,A k ,v k ,V)ip k in Q, 

„ „ Vh 1 ? iH (5.36) 

ip k = on <9f2. 

From standard elliptic estimates, each function ip k is in W^ 2 ' p (f2) for all 1 < p < +00 and in 
C 1,a (Q) for all < a < 1. Furthermore, since the eigenvalues Ai(fi, t> fc , V") are bounded 
and ||y?fc||L°°(c) = 1, it follows from ()5.32|) and ()5.33j) that the sequence (fk)km is bounded in 
all W 2,p (Vt) and C 1,a (VL), for all 1 < p < +00 and < a < 1. Up to extraction of another 
subsequence, one can assume that there exists (p^ G p| W 2 ' p {Q) such that 

l<p<+oo 

¥Wfc) ~~ *• V^oo as k — > +00, weakly in W /2 ' p (fi) and strongly in C 1,a (f2) 

for all 1 < p < +00 and < a < 1. Notice that ()5.33j) implies that d Xt ,a k ,i,j — d Xi ,ai^ in 
a(L°°(fi), L 1 (fi)) as A; — > +00, for all 1 < < n. Multiplying ()5.36|) for n(/c) by any test 

function in T>(Q), integrating over Q and passing to the limit as k — ► +00 leads to, because of 
and flESHD, 

-div(v4Vy2oo) + u ■ V^oo + = A^oo in fi, 

together with 

V?oo — on dQ, ifoo > in Q and maxy^ = 1. 

n 
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The strong maximum principle and the characterization of the principal eigenvalue and eigen- 
function thanks to Krein-Rutman theory imply that A = Ai(0, A, v, V) and tp^ is the principal 
eigenfunction of the operator — div(AV) + v ■ V + V in Q with Dirichlet boundary condition. 
The limiting function ip^ is uniquely determined because of the normalization max^-yjoo = 1. 
Since the limits A = Ai(0, A, v, V) and ip^ do not depend on any subsequence, one concludes 
that (|5.34j) holds and that the whole sequence (pk)keN converges to p^ as k — > +00, weakly 
in W 2 ' P (Q) and strongly in (^(H) for all 1 < p < +00 and < a < 1. 

Step 5: Approximation of the principal eigenfunction of ipx for a large K. Choose any ar- 
bitrary e > 0. Let e' G (0, 1) be such that 

Xi(Q,A,v,V) + 3e' + e'ml 1 +e'\\V 



00 



<\i(n,A,v,V)+e. (5.37) 

Thanks to ()5.34|) . there exists then K 6 N such that 

Ai(fi, V) < Ai(fi, A u, 1/) + e'. (5.38) 

Remember that ()5.32|) holds with k = K. Let be the (unique) solution (J5.36P with k = K. 
Notice that 

v • Vip>K = —\V<Pk\ < on dQ 

from Hopf lemma. 

Call J 7 , T_, JF, / and / the functions defined in Q by 

T = -V<p K + XiiQAjcVK, V)ip K , 
I_ = -v K ■ Vv?k, T = \vk\ x |V<^jc|, 
f = = ^ + J r = -v K ■ Vp K - Vip K + Ai(fl, A K , v K , V)(p K , 
f = T + T = \v K \ x \Vip K \ - Vip K + \ 1 (n,A K ,v K ,V)p K . 

The function T is continuous in Q. There exists then a sequence (^1)/gn °f polynomials such 
that 

JF; — > T uniformly in Q as I — > +00. 

Observe also that the function T_ is in L°°(Q), and that the function T is nonnegative and 
continuous in Q: this is true if m v < M v because vk is then actually of class C°°(Q) and 
ipK G C 1 (fi); this is also true if m v = M v because vk is then equal to v and \vk\ — M v in Q 
up to a modification on a zero-measure set. Let R® > be such that 



flc5 



i?0 5 



where _Br is the open Euclidean ball of radius R and center 0. Denote by T (with a slight 
abuse of notation) a continuous extension of T in M n such that T > in M n and = in 
M n \i?K . Extend by the function £ in IR n \f2 and still call T_ this extension. Notice that 

T_ < T in R n . (5.39) 



55 



For each I G N, call Q the function defined in B 2 r by 

[{2R f - \z\ 2 } 1 



/ [(2i2 ) a -k| 2 ] , d^' 

J B2R r 



Extend the functions Q by outside B 2 r and still call d these extensions. In Q, define the 
functions 

Li = Ci*L and ~T X = Q * T for all / G N. 

Owing to the choices of Ro and Q, the functions T_\ and ^ are polynomials in Q. Furthermore, 
since T_ G L°°(R") and T G C{R n ), there holds 

ll^j — £|Up(o) ~" ^ for all 1 < p < +oo and T\ — > uniformly in fi. 

(— »+oo i^+oo 

Furthermore, 

= * £ < * y = in O for all / G N 
because of ()5.39|) . It follows that 

f, = Li+Fi -> / in for all 1 < p < +oo, J l = Ti+Fi -> / uniformly in H (5.40) 
together with 

£ < 7/ in H for all / G N. (5.41) 
Remember that the function (fx satisfies 

-div(A K V(p K ) = / in fi, 

with y?x — on <9f2. For each Z G N, call -0; the solution of 

-div(^V^) = £ infi, 

= on9fi. 1 j 

Each function ^ is then analytic in Q (remember that Ax is a field of symmetric positive 
definite matrices with polynomial entries, and that each / is a polynomial in Q). From 
standard elliptic estimates, the functions ipi converge to the function ip K as I — > +oo in W 2 ' P (Q) 
and C 1,a (Q) for all 1 < p < +oo and < a < 1. Since > in and (V^l > = on 
<9Q, one then has 

ipi > in f2 and |V^| > on <9fi for / large enough. (5.43) 

Furthermore, from (|5.4ip . there holds 

-div(A K V^j) - x - e'lVVil + [V-X 1 (Q,A,v,V)-2e'] ^ 

< fi ~ M x | VVi| - £'| VVz| + [F - Ai(fi, A, u, 1/) - 2s'] ^ in a 
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From (j5.40j) and the definition of /, it follows that 

J l - \v K \ x |V^| - e'\Vft\ + [V- Ai(fi, A, v, V) - 2e'\ ft 

-> [Ai(f2, Ajc, vjc, V) - Ai(ft, A, u, V) - e'] ^ - e'(| V^| + y>x) 



as / — > +00, uniformly in ft. Using ()5.38j) and the properties of ifK, it follows that the 
continuous function 

[Ai(ft, Ajf , y) - Ai(n, A u, V) - e'] ip K - e'(|V^| + y^) 

is negative in ft. Therefore, there is L e N large enough so that ()5.43|) holds with I = L and 

-div(^V^L) - \v K \ x -e'\Vi> L \ + [V - Ai(ft, A, v, V) — 2e'\ ip L < in ft. (5.44) 

Step 6: An inequality for the rearranged fields in the ball ft*. Apply then the results of 
Section El to the function 

and to the data 

(A n ,A n ,u,V) = (A K ,A K ,\v K \,V). 

From the previous steps, these fields satisfy all assumptions of Section 01 Given ip, one can 
then define the sets Z, Y, E and the function p as in Section 13.11 Given if> and the data 
Aq = Ax, = Ak, oj = \vk\ and V, one can also define the corresponding rearranged fields 

A, v, V and U given by (Q, Q, (Q, (Q, (EU), (EH, jOl and (l3~34l . 

One recalls that Ai(ft, A, v, V) > by assumption. From (|5.44|) and Corollary 13 . 1 II applied 
with u) = e' > and 

/1 = Ai(ft, Av.V) +2e' > 0, 

it follows that 

A(x)|V^(x)| 2 - e?\V$(x)$(x) + V{x)^{x) 2 ] e~ u{x) dx < p [ ij{x) 2 e~ u( - x) dx. (5.45) 



Remember that the function ip is radially symmetric, continuous and decreasing with respect 
to \x\ in ft*, and that if) G Hq(JI*). The field A is radially symmetric and belongs in L°°(ft*). 
Furthermore, 



A(x)- 1 ^ = / A K ( y y l dy = / K^dy (5.46) 
Jn Jn 

from (J3.6)) and (|5.32j) . On the other hand, 

< m\ < toa H — — < minAft- < ess inf A < ess sup A < maxA^ < M\ — — < Ma (5.47) 
2 n n * n* n 2 

from (J33J) and 

From (J5~35j) and (|Q7)l . it follows that 



[l-e')l A\ViP\ 2 e- u + I V^e- U <iij ^ e - u + -j A" l ^e~ u < (ji + e'ml 1 ) \ ^ 2 e~ l 
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On the other hand, the field V is radially symmetric, it belongs to L°°(Q*), and 



— Halloo < min(— V ) < ess infV^ < ess supV < 



[see (I3.13J) ). Therefore, 



(l-e')y (A|VVf + T^ Je^ < (^ + £ , mX 1 +£ / ||y"||oc)y fe" 



that is 



rX|V*|' + K?) e"" < Mn.^f.VO + ^ + ^+^IIV-IU x f p e -v. (5 .48) 

V / 1 — £ Jo* 



Step 7: Approximation of the rearranged fields in fi*. First, define the function A almost 
everywhere in M. n by: 

A(x) if x G Q*, 



A(x) 



n 

and then, for each m G N, 



min A^ if x G R n \tt* 



A m = (pm*l l ) inK", 

where the mollifiers p m can be assumed to be radially symmetric for all m G N. Next, for 
every m G N, call 

||(Am) _1 ||Li(f7*) 
ll A \\Li(Q) 

and 

A^0*0 = 7mA^(x) for all x G IF. 

As in Step 1, it follows from the above definitions and from ()5.46|) and (|5.47|) that each function 
A* m is radially symmetric and of class C°°(f2*), that lim m ^ +00 7 m = 1, that 

/ k* rn ( x Y ldx = I A(j/) _1 dy for all m G N (5.49) 
Jq* Jq 

and that 

< 7 m x (m A + — ) < min A* m < max A^ < 7 m x (m a - — ) for all m G N, 
V 2 / q* q* V 2 / 



7m x m A + — -> m A + — , 7 m x M A - — 



- Af A — — . 



(5.50) 



From reciprocal of Lebesgue's theorem, one can also assume without loss of generality (even 
if it means extracting a subsequence) that 

A^(x) — ► A(x) = A(x) asm-> +oo for a.e. x G fl*. 
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Remember also that if < Ma then Ek > 0, tr- > and notice that if m\ = M\ then 
£k = t k = 0, 7 m = 1, h* m = m A in fi* for all m G N and properties (|5.49|) and f|5. 5(J|) hold 
immediately. 

Next, owing to the definition (|3.9jl . the vector field t> can be written as 



v(x) = \v(x)\ e r (x) in Cl* 



where \v\ is radially symmetric. Furthermore, as in Step 3 and since u = \vk\, it follows from 
fl3~HIJ), and (jHISSD that 



|£(x)| 2 A(x)-Mx= / |« JC (x/)| 3 A Jir (y)- 1 d 2 /= / ^(y)!^^)" 1 ^ (5.51) 



and 



MU°°(fi*,R™) < |MU°°(fi) — II^xIIl^^.r™) < ||f |U°°(n,R™) — ^ < IM|l°°(c,r™)- (5.52) 



Call 



u;(x) 



\v(x)\ if x G fi*, 
if x G 



and, for each m G N, 



^(x) = (p m * w)(x) e r (x) for all x G M n \{0}. 



One has ||i£JU 
generality that 



oo ran T®n\ 



< \\u 



oo ran T®n\ 



< \\v\ 



L°°(n,R™) 



and one can assume without loss of 



v(x) asm-* +oo for a.e. x G Q* 



Consider first the case when |H|l°°(T2,r™) > 0. Therefore, for m large enough (one can then 
assume that this holds for all m without loss of generality), the real numbers 



\Ju* 



\v{y)\ 2 K{y)- l dy 

Ir^(x)ix^)" 1 ^ 



1/2 



\v{x)\ A(x) dx 



\ 



1/2 



(5.53) 



are well-defined, positive, and they are such that S m — > 1 as m — > +oo. Therefore, the vector 
fields defined by 

v^(x) = SmV^x) for all x G f2*\{0} 

are of class C°°(f2*\{0}) and converge to v(x) as m — > +oo for almost every x G fi*. These 
fields can be written as 

v^(x) = |t>^(x)|e r (x) for all x G f2*\{0} 

and is radially symmetric, of class C°°(fi*\{0}) and can actually be extended at to a 
C°°(Q*) function. Furthermore, it follows from (|5.52|) and (|5.53|) that 



\v* m (x)\ z A* m (xr L dx= / \v(y)\ 2 A(y)- l dy 
n* Ja 



(5.54) 
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£ 'k \ . ii .11 £ K 



and 

IkmlU 00 ^*^") — ^mlMU°°(n*,R») < 8m x MklU^^R™) ^ J m J7^ £X) 1 1 U 1 1 (H,R n ) ^" (5-55) 

Lastly, remember that if m„ < My, then > 0, and notice that if m v = M v (this is the case 
if \\v ||i«x>(n,K«) = 0), then e' K — 0, u — m v in Q, v = v* m = m v e r in Q* and properties (|5.54|) 
and (|5.55|) hold immediately with 8 m — 1. 

Fix now an arbitrary unit vector e in R n and define, for each m G N, 



V x € O*, tC(*) = / \v m {reW m {rey l dr 



As in Proposition I3.10( the definition of U m does not depend on the choice of e. Furthermore, 
each function U m is continuous in Q*, radially symmetric, of class C°°(fi*\{0}) and it satisfies 

VCC(x) = A^(x)~ 1 K(a;)|e r (x) = h* m {x)- l v m {x) for all x G (5.56) 

On the other hand, each function U m is nonnegative in Q* and it follows from ()5.50j) and (|5.55|) 
that 

KIU°°(n*) < 8 m m~^R x M|u|| £ ac (n)R n) - ^-n^m^i? X M|u||r«»(n 1 R») - ^fj • (5-57) 

Moreover, since all fields \v m \, \v\, and A are radially symmetric, it follows from the above 
estimates and Lebesgue's dominated convergence theorem that 

U m( x ) -> U (x) for all x G fF, 

where C/ is given in (|3.34jl . 

Lastly, Corollary 15.41 applied with g = —V~ and g = V provides the existence of two 
sequences of radially symmetric fields (V^) me ^ and (V m ) me n in ^* such that, for each m G N, 

g l°°(o*), g c°°(n*), 

-\\V\\ L oo { n) < mm(-V-) < V m < V* m < in 0* (5.58) 
n 

and the distribution functions of and V m satisfy 

fly* = H-v- and < fi v - < y.\ V \. 
Furthermore, the fields and V* m are constructed so that 

K, K -l Vina(If(n*),If'(n*)) 

m^+oo 

for all 1 < p < +oo, with l/p + = 1- 
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Step 8: An inequality for the eigenvalue Ai(f2*, A^Id, v^, V* m ) for large m. Remember first 

that the function ip is continuous nonnegative in Q* and that i[>(Q) > max^ipi > because of 
Corollary 13.61 and (|5.43|) . It also follows from Lebesgue's dominated convergence theorem and 
all estimates of Step 7 that 

A^|V^| 2 +VJ 2 ) e~ u - - / (A|V^| 2 + P^ 2 ) e^, 

JQ 



>n J n 

as m —>■ +oo. Therefore, from ()5.48|) . there exists MeN such that 



utr ^ Xi(n,A,v,V) + 3e' + e'm^ 1 + e'\\V-\\ 00 

1 ~ £ ' (5.59) 



x / ip z e 
'n* 



Remember that ()5.49|) and (|5.54|) hold with m = M. Furthermore, because of ()5.50|) and 
()5.55|) . one can choose M large enough so that 

m A < A* M < M A in Q* and ||umIU°°(«*,k») < IMU°°(n,R«)- 

Notice that this holds also when m\ = M\ (in this case, A^ = m\ in fl*) or when m v = M v 
(in this case, v* M = m v e r in f2*\{0}). 
Call now 

inf — . 

*e*J(n*)\{o} / tf e -v* M 



It follows from (j5~oT?|) that 

j < Ai(^, A, v, V) + 3e' + e'ml 1 + e^T IU (5 60) 

Furthermore, / is clearly finite and I > min^-V M > — 1| ||oo- It is classical to check that / 
is actually a minimum, which is reached at a function tp* u 6 i^Q(fi*)\{0} such that (p* M > 
a.e. in Q* and 

/ (A* M V V * M ■ V0 + T M y* M A e~ u M = I [ ^ M ct>e- U M 
Jn* v 7 Jn* 

for all (f) e Hq(Q*). Because of (|5.56|) with m = M, the change of functions <fi = $e m leads to 

/ AmV^m • V$ + v* M ■ V</4 $ + V* M ip* M $ = I [ ip* M $ 
Jn* Jn* 

for all $ G Hq(Q*). From if 2 regularity and W 2,p estimates, it then follows that (p* M is actually 
in all W 2 ' p (n*) and C7 1,a (n*) for all 1 < p < +oo and < a < 1 and that 

-div(A^V^) + ^ • V<P* M + V* M <p* M = I<p* M infi*, 

<f* M = on <9fi*, 

> in tt*. 
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Since ip* u ^ 0, one concludes from Krein-Rutman theory that ip* M is -up to multiplication by a 
positive constant- the principal eigenfunction of the operator — div(A^-V) + v* M ■ V + V M with 
Dirichlet boundary condition, and that I is the principal eigenvalue I = Xi(ft*, A^-Id, v* Ml V M ). 
Together with ()5.37|) and ()5.6U|) . it resorts that 

Ai(fl , A A/ Id, v M , V M ) < — — < Xxifl, A, v, V) + e. 

Lastly, since < V* M in Q (see ()5.58|) with m = M), if follows from [T3j that 
X 1 (Q*,A* M ld,vl I ,V; i ) < X 1 (Q*,A* M ld,v* M ,Vl I ) < A, v, V) + e. 

Step 9: Conclusion. Since e G (0, 1) was arbitrary, the proof of the first part of Theorem 12. II 
is complete with the choice 

(A*, u*, v\ V*,V*) = (AS,, \v* M \,v* M , V* M , T M ). 

Step 10: The case when A is equal to a constant 7 > in Q. It follows from the previous 
steps that A* is equal to the same constant 7 in Q*. Furthermore, there exists a family 
(v *, V*) £>0 of fields satisfying the same bounds ()2.2|) as v* and V*, together with 

Xt(n*, 7 Id, v* e , V*) < X 1 (Q, A, v,V)+e 

for all e > 0. Furthermore, v* = \v*\e r , and \v*\ and V* are C°°(Q*) and radially symmetric. 

Take any sequence (e/JfceN of positive numbers such that e k — > as k — > +00. Up 
to extraction of a subsequence, there exist two radially symmetric functions uJq > and 
V * < such that \v*\ — ^ Uq and V* — ^ V * weakly in L P (Q*) for all 1 < p < +00 and 
weak-* in L°°(fi*). Furthermore, the fields Vq = uj^e r and Vq satisfy the bounds ()2.4|) . 
Since -m.ax.^V~ < Ai(0*, jld, v* k , V* k ) < Ai(fi, A, v, V) + e k for all k G N, the sequence 
(Ai(0*, 7W, f * , V^*))jt e N converges, up to extraction of a subsequence, to a real number 
Aq G [— max^-^ - , Ai(0, A, v , V)]. From standard elliptic estimates, the principal eigenfunc- 
tions ifk = f n , id v * v * are bounded independently of k in all W 2 ' r (Q*) for 1 < r < 00. Up to 

extraction of a subsequence, they converge weakly in W 2 ' r (Q*) for all 1 < r < 00 and strongly 
in C 1,a (0*) for all < a < 1 to a solution of 

- 7 A^* + v* ■ \7<p* + VM = A*y?* in n* 

such that (Pq > in Q*, </?g = on <9fi* and ||yolli°°(n*) = 1- By uniqueness, it resorts that 
X* = Ai(ft*, 7 IdX, V *) and <p* = ^, 7 Id^,vy Thus ' 

Ai(n*,7id,^,K) < Ai(n,A,«,y). 

Notice that the radially symmetric fields \vq\ and Vq satisfy the bounds (|2.4j) . but may not be 
smooth anymore. □ 
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Remark 5.5 Assume now that < m A < M A and that A = m A in a neighbourhood of dQ, 
that is A = itia in the set {x G Q, d(x, dQ) < 7} for some 7 > 0. Then, under the notations 
of the previous proof, besides the aforementioned conditions of Steps 1 to 5, one can choose 
K G N large enough so that || A -1 < \Q\ x (wa + 4r^) _1 and 



Ak = min Ak G 



m A + — ,m A + 2tk 



in a (smaller) neighbourhood of dQ. Then, owing to the definition of A in Step 6 (from 
Section I2J), it follows that A = min^A^ = ess infn*A in a neighbourhood of dQ*. Finally, 
besides the conditions of Steps 7 and 8, one can choose MeN large enough so that 



A*, = minA* f G 



m A + —,m A + 4:T K 



in a neighbourhood of dQ*. Since ||A _1 || i i(n) < \Q\ x (m A + 4t^-) _1 and || (A^-) _1 || L i(^.) = 
||A~ 1 |U 1 (n)> one concludes that A* AI (= A*) is not constant in Q*. 

It then follows that, in Theorem 12.11 the functions A and A* are not constant in general. 
Actually, for the same reason, the same observation is true for Theorems 12.31 and 12.71 

Remark 5.6 Consider now the case when Q is a general open subset of M. n with finite measure, 
and let A G W 1 ' 00 ^, 5 n (R)), v G L°°(fi,M n ), V G L°°(Q) n C(Q) be such that A > 7 Id in 
Q for some constant 7 > 0. Assume that Xi(Q, A, v,V) > 0, where Ai(0, A, v,V) has been 
characterized in Remark 12.111 We claim that we get a similar conclusion as in Theorem 12.11 
with A = 7. Indeed, for each e > 0, it follows from (|2.17J) and ()2.18|) that there exists Q' G C 
such that Q' CC Q and 

< Xx(Q, A, v, V) < Ai(0', A, v, V) < \ X {Q, A, v, V) + e. 

To make notations simpler, we use the same symbols for the fields in Q and their restrictions 
in Q'. Apply Theorem l2~D to Q' (c Q) and to the fields A, v, V with A = 7, and call Q* £ the 
ball centered at the origin with the same measure as Q'. There exist two radially symmetric 
bounded functions u* > and V* < in Q* £ such that, for v* = u*e r in Q* £ , 



and 



Ai(n*,7ld,t;*,V7) < \i(Q',A,v,V) < A x (0, A,v,V) +e (5.61) 



lkelU°°(n|,]R») < IkllL^^'.IR' 1 ) < |klU°°(n,K™)) \\ v * ||l 2 (Q|,R™) < ||^ || L 2 {Q',R n ) < ||^||L 2 (n,K")) 

—ess sup V < —max V~ < V* < a.e. in Q* £ , 



\V*\\ L p{n*) < \\V \\Lp(n>) < \\V \\lp(si) for all 1 <p < +00. 



Extend v* by the vector in Q*\Q* £ and extend V* by in Q*\Q* £ too, and still call v* and V* 
these extensions, which are now defined in Q* (d f2*) and satisfy the same bounds as above in 
Q* (remember that Q* denotes the ball centered at the origin and having the same Lebesgue 
measure as Q). Furthermore, 

Ai(n*, 7 Id,<,y e *) < X l (Q* £ ^ld,v*,V £ *) < Xx(Q,A,v,V)+e 
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because fi* C Q* and because of (|5.61|) . One can then argue as in Step 10 of the proof of 
Theorem 12.11 and one can then pass to the limit for a sequence — > + as k — * +00. There 
exist then two radially symmetric bounded functions Uq > and Vq < in Q* such that, for 
Vq = LU^e r in Q*, 

\i(Q* n ld,v* ,V *) < \ x {n,A,v,V) 
and the bounds (|2.4|) are satisfied (with —ess sup Q V~ instead of — max^- V~ in (|2.4jl ). 

Let us now turn to the proof of Theorem 12. HI It shall use the results of Section 0] and it 
follows the same scheme as the one of Theorem 12.11 

Proof of Theorem [O Assume here that Q G C is not a ball. Let A G W 1 ' 00 ^, S n {R)), 
A G v G L°°(fi, M n ), V G C(H), M4 > 0, m A > 0, M„ > and M v > be such that 

A > A Id a.e. in Q and 

||>l||w 1 >°°(n,s n (R)) < M A , ess^inf A > m A , \\v \\ L °°{n&*) < M v and ||y||xo°(n) < My. 

Throughout the proof, the notation p = p(f2, n, Ma, EL\, M v , My) denotes a constant p which 
only depends on Q, n, Ma, m^, M v and My. 

Assume that Ai(f2, A, v, V) > and call 79 the unique principal eigenfunction of the operator 
— div(AV) + v ■ V + V in Q with Dirichlet boundary condition, such that max^y if = 1. Namely, 
the function y? satisfies 



-div(/lVy?) + v • Vy? + V> = Ai (fi, A, v , V)^ in Q, 

</3 > in J7, 

IMU°°(fi) = 1, 

<p = on dQ, 



(5.62) 



and it is in W 2 > P {Q) and in C 1,a (0) for all 1 < p < +cx) and < a < 1. 
First, remember that 

-My < minV < A^fi, V). 
n 

Then, let B be an open ball included in Q. As observed in Step 4 of the proof of Theorem 12. 11 
it follows from Lemma 1.1 in pn] that there exists a constant C > only depending on 5, n, 
Ma, Ukk, M v and My, such that 

Xx(n,A,v,V) < \i(B,A,v,V) < C. 

From standard elliptic estimates, there exists then a constant 

N' = N'(Q,n,M A ,m A ,M v ,M v ) > 

such that 

IMIcWa(fi) < N '- 
We now claim the existence of a positive constant 

5' = 5'(n,n,M A ,m A ,M v ,M v ) > 
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such that 

ip(x) > 8' x d(x, d£l) for all x G Q. 

Assume not. Then there is a sequence of fields (A p , A p , v p , V p ) p£ ^ in W 1,OQ (fl, «S n (R)) x Zq° (O) x 
L°°(ft,M n ) x C(H) such that A p > A p Id a.e. mil, 

\\A p \\ w ^{n,s n (R)) < ^a, ess^inf A p > m A , IKI^n^) < M„, ||Vp|| LO o(^) < M v 
for all p G N, and a sequence of points (x p ) pg N in ^ such that 

< <f p (x p ) < ^EL^j) f or a ll p G Nj ( 5 . 63 ) 

where one calls (Ai(f2, A p , v p , V p ), ip p ) the unique solution of 

-div(A p Vip p ) + v p ■ Vy? p + V p (p p = Ai(0, Wp, VpVp in fi, 

<y9p > in Q, 

y9p = on <9f2 

for each pel We have already noticed that the sequence (Ai(f2, A p , v p , Vp)) pe N is bounded. 
From standard elliptic estimates, the sequence (<£>p)p g N is also bounded in W 2,q (fl) and C 1,a (Q) 
for each 1 < q < +oo and < a < 1. Up to a subsequence, one can assume without loss of 
generality that A p — > A^ (componentwise) uniformly in Q, VA p — ^ VA^ (componentwise) in 
^"(L 00 ,^ 1 ), v p — ^ (componentwise) in ^(L 00 ,^ 1 ), VJ, — ^ in a^L 00 ,!^ 1 ), ip p — ► weakly 
in iy 2 - 9 (n) for alll < q < +oo and strongly in C 1,a (n) for all < a < 1, Ai(f2, A p , v p , Vp) -> A 
and x p — > Xqo G as p — > +oo. It follows that 



+ Woo • Vy?oo + Voodoo 


= A^oo 


in f2, 




> o 


in Q, 


||<^oo| L°°(n) 


= 1, 






= 


on d£l 



and y 3 00(^00) = 0. Since A^ > m A Id in Q, the strong maximum principle yields that > 
in Q, whence Xqq G dQ. On the other hand, (|5.63|) implies that \Vfcx>( x oo)\ — 0, which is 
impossible from Hopf lemma. One has then reached a contradiction. 

Therefore, coming back to the fields (A,A,v,V) and to the function ip solving ()5.62|) . we 
get the existence of 5' = 5'(Q, n, Ma, m A , M v , My) > such that 

(p(x) > 5' x d(x, dtt) for all x G Q. 

In other words, the function ip is in the set £a/2,jv',<5' (^)- 
Call _ _ _ 

N = 3N'(Q, n, M A , m A , M v , My) > 

and 

8'(tt,n,M A ,m A ,M v ,M v ) 
= > (J. 
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Then, call rj > the positive constant which is given in Corollary 14.51 with the choice a = 1/2. 
It only depends on Q, N and 5, and therefore, 

■q = r](Q,n,M A ,m Aj M v ,M v ). 

Call now 

a n<a 17 17 17 ^ ??(Q,n, M A ,m A ,M v ,M v ) 

= 6(il,n, M A ,m A , M v , My) = > 0. 

Then, choose any e' G (0, 1) such that 

i±a i < Mg^AMO, ( 5. 6 4) 

It is indeed possible to choose such a e' since Ai(0, A, v, V) > and < < rj. 

Under the notation of Step 4 of the proof of Theorem 12.11 there exists a sequence of C°° 
fields (A k , A k ,Vk)k<=n satisfying (|5.32j) and (|5.33j) . and such that the solutions ipk of (|5.36j) 
converge to <p as k — > +oo weakly in PU 2 ' p (f2) and strongly in C 1,a (f2) for all 1 < p < +oo 
and < a < 1. Furthermore, it has been proved that Ai(f2, A^, t> fc, V) — > Ai(0, A, V) as 
A; — ► +oo. Then there exists K G N such that ()5.38|) holds and 

ifK £ -Kl/2,2Af',5'/2(^)- 

Under the same notation as in Step 5 of the proof of Theorem I2.1| the functions ipi converge 
to ifK as I — > +oo in W 2,p (fl) and C 1,a (Q) for all 1 < p < +oo and < a < 1. Therefore, as 
in Step 5, there exists L G N such that (|5.44j) holds and 

i>L G -El/2,3Af',5'/3(^) = E X /2,N,s{^)- 

Therefore, all assumptions of Corollary 14.51 are satisfied with 

(A n , A n , tu, V, V, w , fJ,) = (A K , A K , \v K \, V, ip L , e', X^Q, A, v, V) + 2e'). 

Notice especially that ojq and /x are nonnegative. With the same notations as in Sections El 
andEJ it then follows from Corollary 14.51 that 

A>)|V^(x)| 2 - e'\V${x)$(x) + V{x)ij{xf] e~ u{x) dx < [ ^{xfe^^dx. 

The same calculations as in Steps 6, 7 and 8 of the proof of Theorem 12. II can be carried out, 
where /i = Ai(f2, A, v, V) + 2s' is replaced by (Ai(f2, A, v, V) + 2e')/(l + 77) in fl533J). One 
then gets the existence of three radially symmetric C°°(Q*) fields A* > 0, u* > 0, V < 
and a nonpositive radially symmetric L°°(Q*) field V*, which satisfy (j2.2j) and are such that 
/iy* = fJ'-v-j V* <V and 

Ai(fi*,A*Id,'y*,y*) < Xx(n*,A*Id,v*,V*) 

A l(ii ,W) + 2 £ - +£ 

< 1 + 77 
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where v* = 00* e r in f2*. As a consequence, there holds 

X 1 (Q*,A*ld,v*, V*) < X l (Q*,A*ld,v*,V*) < Al(Q ; ^jYl 

1 + 6 

from the choice of e' in (j5.64jl . The proof of Theorem 12.31 is now complete. □ 

5.3 Constraints on the eigenvalues of the matrix field A 

We now give the proof of Theorem 12.41 The following elementary lemma will be needed: 

Lemma 5.7 Let n > 2, p G {1, . . . , n — 1}, u > 0, a > and A G <S„(M) be positive definite 
such that det(A) > uo and u p {A) < a. Then, there exist two positive numbers a±, 02 which only 
depend on n, p, uo and a such that det(.D) = to, cr p (D) = a, A> aild and D > aild, where D 
is the diagonal matrix D = diag(ai, 02, ... , 02) € «S„(R). 

Proof. Notice first that, as already underlined in the introduction, the assumptions of the 
lemma imply that C^ l u p ^ n < a. Let f(s) be defined for all s > as 

f(s) = uC p n Z\s p - n + C p n _ lS v. 

The function s is continuous and strictly convex in (0, +00). Furthermore, /(0 + ) = /(+00) = 
+00 and elementary calculations give: 



min f(8) = f(cj 1 f n )=Cfr>>' n <*. 
se(o,+oo) 



Call 



a 2 = max {s > 0, f(s) < a} , a x = , D = diag(ai, a 2 , . . . , a 2 ) G S n (R). 

{a2) n 1 

The real numbers ai and a 2 are well-defined and positive. They only depend on n, p, u and 
a. Furthermore, a\ < tu 1 ^ < a 2 , D G «S n (R) and 

detp) = u, a p (D) = ClzWi^Y' 1 + G^^Y = f(a 2 ) = o. 

Denote < Ai < ■ ■ • < A n the eigenvalues of A. Call 

^ l/(n-l) 

< a 2 = I Y[ Ai 

\2<i<n 

and 

0<a 1 = -f-<^l = A, (5.65) 

2<i<n 
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p-i . . V 

n—1 / \ 7i — l 



\2<i<n / \2<i<n 



Since = ai(a 2 ) n 1 < Ai(a 2 ) n 1 , one has 

f(a 2 ) = W Crl(a 2 )^ + CU{a 2 Y < 0&\ x x ( J] A, ) + x ( J] A 

For q = p— I or q = p, call 

Jg = { J C {2, . . . , n}, card (J) = g} 

and, for all I C {1, ... , n}, 

1x1 = n 

Observe that card(j7~ g ) = G q n _ x and that 

n*.= ii" = 

2<i<n \J£j p -i ) \JeJp 

Thus, 



n-2 



P-I 



/ \ pp-^ / \ flP -1 

/ \ (n-l)^„_2 / \ (n-l)^n-a 

/(Ha) < OSliA! X J] TTj] + CU x n nj 

\JeJp-i J \JeJp 

n *j) + c n-i x 

JeJp-i / \JeJp 

< Al X ^ 7Tj + 7Tj 

J^jp-X J&jp 

/c{i,...,n}, card(/)=p 

< 0". 

Hence, a 2 < a 2 and 

" 1= (^-RF T = ai - 

Together with (J5.65j) . it follows that Ai > a 1; whence A > aild. □ 

Proof of Theorem 12.41 Let Q, A, v, V, p, u, a be as in Theorem 12 A\ and let a\ > and 
a 2 > be given by Lemma f5. 71 Therefore, 

A(x) > aild for all x £ Q. 
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For all x G fi*\{0}, define now A*(x) as in Theorem 12.41 Thus, A*(x) > aild and there is an 
invertible matrix P(x) of size n x n such that 

A*(x) = P(x)DP(x)-\ 

where D = diag(ai, 02, ... , 0-2) G «S n (R). Hence, 

det(A*(x)) = det(D) = cu and a p (A*(x)) = a p (D) = a for all x G lF\{0}. 

Let e > be given. From Theorem 12. II applied with A equal to the positive constant a 1; 
it follows that there exist two radially symmetric C°°(Q*) fields u* > and V < 0, and a 
nonpositive radially symmetric L°°(Q*) field V*, such that, for u* = u*e r in f2*\{0}, 

J ||' t '*IU (x> (n*,R») < \\v ||i°°(Q,Rn), ||f*||z,2(Q*) = |MU 2 (n)> 

and 

Ai(fi*,aiId,v*,V*) < Ai^.ajld,^*, V*) < A x (n, V) + e. 
From Remark |2.5^ one concludes that 

Ai(fl*,A*,v*,V) < \i(n*,A*,v*,V*) < Ai(n,Av.^) + e- 

Lastly, since A > aild in Q and A*V<p = ctiV0 for any radially symmetric function in Q*, 
the existence of two radially symmetric bounded functions Uq > and V^* < in Q* satisfying 
(B and 

Ai(n*,A*,<y *)<Ai(n,A,v,y), 

where t>Q = cUqCj. in f2*, can be done as in Step 10 of the proof of Theorem 12.11 

This completes the proof of Theorem 12.41 □ 

Remark 5.8 Consider now the case when Q is a general open subset of MJ 1 with finite measure, 
and let (A,v,V) be as in Theorem 12.41 with the extra assumption V G L°°(Q). Since A > 
a\ld in Q, it follows, as in Remark 15.61 that there exist two radially symmetric bounded 
functions cJq > and V * < in Q* satisfying ()2.4j) (with —ess sup^ - instead of — maxQ V~) 
and Ai(fi*, A*, Vq, Vq) < Ai(fl, A, v, V), where v£ = ufa in Q* and A* is the same as in 
Theorem 12.41 

6 The cases of L p constraints 

In this section, we focus on optimization and comparison results for Xi(Q,A,v, V) when Q 
has fixed Lebesgue measure, A satisfies the same constraints as in Theorem 12.11 and v and V 
satisfy L p constraints. We first give in Section l6~TI some optimization results when Q is fixed. 
Then, relying on Theorem 12.11 we derive in Section 16.21 some Faber-Krahn type inequalities. 
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6.1 Optimization in fixed domains 



In Theorem 12 .1| we were able to compare the eigenvalue Ai(fl, A, v, V) to Ai(fl*, A*Id, v*, V*) in 
fl*, where the L 1 norms of A -1 (with A > A Id) and \ v | 2 A _1 and the distribution function of V~ 
were the same as for the new fields in fl* (in particular, all LP norms of V~ were preserved). In 
this section, we fix the domain fl and we minimize and maximize Ai(fl, A, v, V) when A > A Id 
and v and V satisfy some L p fl L°° constraints with some given weights. Furthermore, we prove 
the uniqueness of the optimal fields when A is fixed and v and V satisfy given L°° constraints. 



6.1.1 The case of L p constraints, 1 < p < +oo 

Given fl e C, M > 0, A e (fl), 1 < p, q < +oo, w 1>p , w hoo , w 2 , q , w 2>00 G L™(Q), 
T 2, q , T 2,oo > such that M > ess sup n A, define 

^n,M,A,p,q,Wl l p,Wl i00 ,W2,q,W2 l oo,'np,Tl l00 ,T2 J q,T2 l oo 

= {(A,v, V) e W U °°(Q,S n (R)) x L°°(fl,R™) x L°°(fl); 
w l '°°(n,s n (^ - ^< A > A Id a.e. in fl, 



\wi, P v \\ p < r liP , Hwi.oo^lL < n,oo, \\w 2 , q V\\ q < r 2) g, 11^2,00^11^ < r 2i00 1 



and 



' A(fl, M, A, p, q, w hp , w lj0C , w 2tq , w 2t00 , n )P , t 1)(X , T 2iq , r 2i00 ) 

inf Xi(Q,A,v,V), 

» A(fl,M, A, p, q,w ltP ,w 1>00 ,w 2; q, w 2)00 , r liP ,T 1)00 ,T 2iq ,T 2;00 ) 

= sup Ai(fl, A, v, V). 

( A ' v y)^-^n,M : A : p,q,m lp ,m loo: m 2tq ,W2 }ac ,T lp: T lac ,T2 tq: T2 }lx 



Observe that ^ci,Mj^,p,q,wi lP ,wi, 00 ,w2, q ,wa^ ao ,-n lP ,-n l00 ,'ni tt ,-ni iao 

^ 0, that 

A(fl, M, A, p, q, w 1)P , w 1)00 , w 2j q, w 2i00 , n iP , r 1)00 , t 2)(? , t 2iDO ) > 



ess infnw 2i0 o 
and that 

A(A, M, A, p, 0, 1tf ljP , Wi i00 , lU2,g, W 2 ,oo, n,oo, T2,g, ^2,oo) < +00 

by m. 

Our first result deals with the optimization problem for ([6.1)1 : 

Theorem 6.1 Lei fl 6 C, M > 0, A e L+(fl), 1 < p, q < +oo, u>i iP , Wi )<X! w 2>g , w 2>00 G 
I/+ (fl) and r liP , ti jOC3; r 2(J; r 2i00 > fre groen suc/i t/iat M > ess sup^ A. Then, 

(1) i/iere ezzste (A^,Z) e Ai ) Af,Arf.,9,«»i J , I «;i,ao,t«2 I ,,ti«i l0 o,ri J „ri,ao,i2.„7a,ac swc/i i/ia ^ if ¥ = 
fn,A,v,v : 

(a) A(A, M, A, p, g, w ljP , i« 1>0O , w 2i9 , ^2,00, n, P , 7i j0O , r 2 ^, r 2j00 ) = Ai (fl, A, v, V), 

(b) v ■ = — \v\ X J V(p\ a.e. in fl, 

(c) Vjx) < a.e. m fl, 
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(d) \\w 1>p v\\ p = T 1>p Or ||u>l,ool!|loc = T hoo, \\W2,qY]\ q = T 2>q OT || U> 2 ,ooZll oo = ^2,oo- 

Moreover, if (A,v,V) E ^,M,A^,«,tBi J) w 1 ,« ) ,t<^,,i W ,oo,n,p,n,«,,7a,,,7a, O0 & suc/t f/ia< 

A(fi, M, A, p, q, W 1>p , W hoo , W 2 , q , W 2 ,oc, t 1jP , T ljOC , T 2t g, r 2j00 ) = Ai(fi, A, u, 1/) 

and if (f — <fn,A,v,v, then properties (b), (c) and (d) hold with ip,v,V instead of ip,v and 
V, 

(2) there exists (A,v,V) E Ai,w I A^,9,ioi,p,«;i, 00 ,i«3, 4 ,io2,oo,r l ,p,n,oc,is,,,7a,oo suc/i ^ a *> */ P = 

(a) A(fi, M, A, p, g, iw ljP , iw 1>0O , io 2 , g , ^2,00, n, P , 7i j0O , r 2 , q , r 2:OQ ) = X 1 (ft, A, v, V), 

(b) v ■ VTp = \v\ x I Vv?| a. e. m ft ; 

(c) V(x) > a.e. m ft, 

(d) \\w hp v\\ p = t 1)P or 11^1,00*7(1^ = n )00; 1 1^2,^1 1 g = r 2i g or H^oo^H^ = r 2i00 . 

Moreover, if(A,v,V) E An&^, q ,w l „rvi, 00 ,w a , q ,w2, a,Ti,,,Ti, 00 ,T>, q ,n,n is such that 

A(ft, M, A, p, q, w 1>p , w hoo , w 2>q , w 2:OQ , t 1jP , T 1>ao , T 2jq , r 2>00 ) = A x (ft, A, v, V) 

and if ip = (pn,A,v,v, then properties (b), (c) and (d) hold with <p,v,V instead ofTp,v and 
V. 

We will use several times in the proof the following comparison result: 

Lemma 6.2 Let ft E C, /i E R, A E W^°°{Vt, S n (R)) with A > 7 Id a.e. in tt for some 
7 > 0, v E L°°(ft,]R n ) and V E L°°(ft). Assume that ip and ip are functions in W 2,r (VL) for all 
1 < r < +oo ; satisfying ||</?|| = KV'lloo an< ^ <P = ip = ® on <9ft. Assume also that ip > in ft, 
ip > in ft and 

{-div(AVip) + v.Vip + Vip> flip a.e. in ft, 
— div(AV(f) + v.Vip + V(p < pap a.e. in ft. 

Then ip = ip in ft. 

Proof. The proof uses a classical comparison method (this method was used for instance in 
[Tl])- We give it here for the sake of completeness. Since ip > in ft and ip = on <9ft, the 
Hopf lemma yields u(x) ■ Vip(x) < on <9ft, where, for all x E <9ft, u(x) denotes the outward 
normal unit vector at x. Since p> E C l,l3 {yL) for all < (3 < 1, (p > in ft and (p = on <9ft, it 
follows that there exists 7 > such that 'yip > tp in ft. Define 

7* = inf {7 > 0, jip > ip in ft} . 

One clearly has 7*^ > ip in ft, so that 7* > 0. Define w = j*ip — y? > and assume that w > 
everywhere in ft. Since 

-div(AVw) + v ■ Vw + Vw - puv > a.e. in Q (6.2) 
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and w = on dQ, the Hopf maximum principle implies that v ■ Vw < on d£l. As above, 
this yields the existence of k > such that w > mp in Q, whence 7*^/(1 + k) > ip in Q. This 
is a contradiction with the minimality of 7*. Thus, there exists Xq G Q such that w(xq) = 
(i.e. 7* , 0(a;o) = 9?(xo)). Since w > in Q, it follows from ()6.2j) and from the strong maxi- 
mum principle, that w = in Q, which means that <p and ip are proportional. Since they are 
non-negative in Q and have the same L°° norm in Q, one has ip = ip, which ends the proof of 
Lemma 16.21 □ 

For the proof of Theorem 16.11 we will treat the minimization problem only, the maximiza- 
tion problem being clearly analogous. It is plain to see that the result is a consequence of the 
two following lemmata: 

Lemma 6.3 Let f2 G C, M > 0, A G (fi), 1 < p, q < +00, Wi tP , Wi iOOJ w 2 , q , w 2j00 G (Vt) 
and r lp , r 1)00; t 2 ^, r 2j00 > be given such that M > ess sup n A. Assume that (A,v,V_) G 

•^■r2,A/,A,p,g,'u;i i p,w;i, 00 ,ui2, 9 ,u)2 I oo,Ti I p,Ti i00 ,T2 l9 ,r2 !0 o ^ S SUch that 

\(n,M,A,p,q,W 1) p,W 1 , 00 ,W2, g ,W2,oo,T lt p,T lt00 ,T2 t q,T 2t00 ) = Ai (fi, A, V, V) , (6.3) 

and let ip = <pn t A.v.v- Then, properties (6), (c) and (d) in Theorem \6. 1\ hold. 

Lemma 6.4 Let Vl G C, M > 0, A G L™(Q), 1 < p, q < +oo, Wi :P , W\ :00 , W2, q , ^2,00 G (f2) 
and n iPj , ri )00; r 2)(J; r 2>00 > 6e oiven sitc/i i/jai M > ess sup Q A. Then, there exists (A, v, V) G 
■Att t M,A,p,q,w 1 , p ,w 1 , 00 ,w2,q,w2, aD ,Ti, P ,T lyX ,T2, q ,T2, x such that j6', 3\) holds. 

Proof of Lemma 16. 31 Let A,v,V_ and <p as in Lemma 16.31 Remember that (p G C 1 (fi). 
Define, for a.e. i6 0, 

{Vy?(x) 
-\v(x)\ 1 ~ 1 ifV^(x)^0, 
uv ;I |V^(x)| - 
if Vcp(x) = 

so that w ■ V<p = — \v\ x I Vip\ < v ■ V<£> a.e. in Q, and set 

/i = Ai(fi, A,u>, V) and ^ = <Pq,,a,w,v- 



Notice that |ty| < \v\ a.e. in f2, whence (A,w,V) G ^a,M,A,p,g > wi, Pl ^i, 00 ,t«2,„w2,oo,Ti, Pl ri, 00 ,72,„^, 00 
and 

A := X(Q,M, A, p,q,wi tP ,w li00 , w 2 , q ,w 2 , o,T li p, Ti >00 ,r 2i q, r 2i00 ) < yU. 

Thus, one has 

— div(AV^) + w ■ V<p> + Vj£ < — div(y4Vv?) + v • V<£> + Vy? = Av 9 < /^V 9 a - e - i n 
— div(v4V^) + w ■ Vip + Vjp = flip a - e - i n ^ 3 

and Lemma 16.21 yields ip = ip> and therefore /1 = A and u • = u> • Vy? = — |u| X |Vy| a.e. 
in Q. 



72 



As far as assertion (c) is concerned, define, for a.e. iGfl, 

„, w = /p) if£W<o, 

v y [ if V(x) > 0. 

Observe that \W\ < \V\ a.e. in CI, whence (A,v,W) G An,M,A,p !q ,wi, p ,w lia0! w2, q ,w2,oo,Ti, p ,n ia0! T2, q ,n l0 o- 
If /i = Ai(f2, A, W) and ip = ipn,A,v,w, one therefore has \<fi and 

— divQ4V ■?/.>) + v ■ Vip + Wip = flip a.e. in Q, 

while, since Wip < Vjp a.e. in O, 

— div(AVy) + v ■ Vip + Wip < fnp a.e. in Q. 

Lemma EH] therefore shows that ip — <p, and it follows that Wip = Vjp a.e. in £7, which implies 
W = V_ a.e. in f2 since ip > in Q, and this is assertion (c). 

Assume now that ||wi 1 pi>|| < Ti, P and Du^oo^H^ < ti jOD , and define, for a.e. x E Q, 

{Vip(x) 
\v(p(x)\ — 
"if Vip(x) = 0, 

where e > is choosen in such a way that < r ljP and ||iUi )DO iy < 7i (tX3 , so that, if 

/x = Xi(Q,A,w,V), one has A < \i. Let ^ = y?fi,A,™,]/- Observe that 

— div(AVip) + w ■ Vip + Vjp < \ip < jjap a.e. in VL, 
since w ■ Vip = — (\v\ + s) \V(p\ < — |u| x \Vip\ < u • Vy? a.e. in f2, while 

— divQ4.V^>) + u> • + Vjp = nip a - e - m ^- 

Another application of Lemma f6.2l yields that ip — ip and therefore w ■ Vip = y_ ■ Vip, so that 
— e \Vip\ = a.e. in f2, which is impossible. One argues similarly for V_, using the fact that 
V_ < a.e. in Q. □ 

Proof of Lemma 16.41 Write 

A = X(Q, M, A, p, q, w ljP , w 1}00 , w 2 , q , w 2 ,co, n, P , n,oo, r 2 , q , r 2j0O ). 

There exist a sequence (A k ) k&N e W 1,OQ (Q, S n (R)) with w i iao rQ s n (m) — ^ an< ^ ^fc ^ A Id 
a.e. in Q, a sequence (vkjken £ L°°(fi,R n ) with ||M>i ) p'Ufc|| p < t% iP and i^^fclloo < r i,oo, and a 
sequence (Vfc)fceN e with ||w 2 , g Vfc|| g < t 2)Q and H^ooVfeH^ < r 2i00 , such that 

A fc := Ai(fi, A fc , f fc , Vfc) -> A as k — > +oo. 

For each k 6 N, call <^ fc = </ ? n,A fc ,v fc ,v r fc , so that 

-div(^4 fc Vv?fc) + ^fc ■ V<£>fc + VfcV^fc = Afc^fc in £1 and = on 50. 
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By the usual elliptic estimates, the <p fc 's are uniformly bounded in W 2 ' r (Q) for all 1 < r < +00, 
and therefore in C 1,cl (fi) for all < a < 1. Therefore, up to a subsequence, one may assume 
that, for some nonnegative function <p G W 2 ' r (Q) for all 1 < r < +00, ip k — ^ ip weakly 
in W 2 ' r (Vt) for all 1 < r < +00 and ip k ^ ip strongly in C 1,a {Vt) for all < a < 1, as 
k — > +00. Similarly, there exists A G W /1,00 (f2, «S n (R)) such that (up to extraction), A k ^ A 
uniformly in Q and, for each 1 < j < n, djA k — ^ c^A in cr(L 00 (fi), L 1 (fi)) componentwise. In 
particular, H^llwL^rn.SnfR)) — M and A > A Id a.e. in f2. Finally, up to extraction again, 
there exists u G L°°(0) such that |t>fc| — > u; > in cr(L r (f2), Z/'(f2)) for all 1 < r < +00 (where 
1/r + 1/r' = 1) and there exists V G L°°(Q) such that V k —> V_m a(L r (Q), L r ' (Q)) for all 
1 < r < +00. Since, for all k > 1, by Cauchy-Schwarz, 

-div(A fe V</?fc) - M |Vy? fc | + Vfc^fc < A fe <p fc a.e. in fi, 

one has 

— divQ4V<p) — uj | V<p + Kv 9 < Av 9 a - e - m ^- 
Define now, for a.e. iGO, 

{Vv?(x) 
-cu(x) , ~ 1 ifV^x )^0, 
if V^(x) = 0, 

so that v ■ V<p = -co I V<p| a.e. in f2. One therefore has 

— divQ4V<p) + v ■ Vy? + V<£ < A<p a.e. in f2 and <p — on <9fi. (6.4) 

Observe that Q4,^,Z) e ^n.M.A*^!,^^,^,,,^,™,!,,^^^,^,^ Define now /i = Ai(fi,A,^l_) 
and ip = <Pn,A,v,v, so that A < p. It follows from (|6.4|) that 

— div^V^) + 1! • + YjP — flip a - e - i n 
— div(.AV<p) + u • Vy? + ]Ap < /i<p in Jl. 

Moreover, <p > in fi, ^ > in £7, <p = ip = on <9f2 and ||<p|| = Halloo = 1- Lemma 16.21 
therefore yields tp — ip, hence A = /i. This ends the proof of Lemma f6. 41 □ 

Remark 6.5 What happens in Theorem 16.11 if one drops the L°° bounds for v or V ? Even 
if one still assumes that v and V are qualitatively in L°° (so that the principal eigenvalue of 
— div(AV) + v ■ V + V is well-defined by [2]), it turns out that the infimum or the supremum 
considered there may not be achieved. For instance, fix 1 < p < n, Q G C, r > 0, A = Id and 
V = in Q, and define 

A(fl,r) = inf Ai(fi,ld,v,0). 

tjeL°°(T2,R™), ||t)|| p <T 

Since the operator —A + v ■ V satisfies the maximum principle in f2, its principal eigenvalue 
is positive, for each v G L°°(il,M. n ), and therefore A(0, r) > 0. We claim that A(f2, r) = 0. 
Indeed, fix po > such that there exists a ball Bq with radius po included in Q. Call xq its 
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center. For all A > large enough, define pa G (0, po) suc h that A{a n p n A Yl p = r (recall that 
a n is the Lebesgue measure of the Euclidean unit ball in M n ), let Ba = B(x ,pa) be the ball 
with the same center x as B and with radius pa, and set v = A x l BA e r (- — x ) in £7, so that 
IMIxpfn r») = r - One has Ai(0, Id, w , 0) < Ai(S^, Id, Ae r (- — Xq), 0) since -B4 C Q. But 

Ai(fiA, Id, Ae r {- - x ), 0) = 

Pa 

where p^ = Ai(S, Id, Ap^e,^- — x ), 0) is the principal eigenvalue of —A + Ap A e r (- — x ) ■ V 
on the ball B with center x and with radius 1, under Dirichlet boundary condition. Notice 
that ApA — > +oo as A — > +oo since 1 < p < n. Furthermore, p^ = Ai(5", Ap^e^ under 
the notation (|2.15j) . where B™ is the Euclidean ball of M. n with center and radius 1. It then 
follows immediately from Appendix 17.31 that logp^ ~ — ApA when A — > +oo (see also [2H] for 
related results under stronger regularity assumptions). As a consequence, there exists A > 
such that, for all A > A , 

M{B A , Id, Ae T (- - xo), 0) < "—^ = aTr- 2p/n A^ n e-^ /n ^ nAl - p/n ^\ 

Pa 

and this expression goes to when A — ► +oo, which proves the claim. 

Similarly, one can show that, if Q G C, r > and 1 < q < n/2 are fixed, 

inf Ai(fi,Id,0,V) = -oo. (6.5) 

veL°°(n) ; ||v|| ? <r 

Indeed, fix p as before, and, for all A large enough, let pa G (0, p ) such that A 9 a n p^ = r q , 
and set V = —A x 1 Ba where Ba = B(x ,pa) is defined as previously, so that ||V|| ig ^ = r. 
One has 

Ai(n,Id,0,V) < Ai(S A ,Id,0,-A) = Ai(S^,Id, 0, 0) - A 

= C_ A = Ca2 j nr _ 2q/nA2q/n _ (6.6) 

Pa 

where C = Ai(S,Id,0, 0) > 0. The right-hand side of (|6.6|) goes to — oo when A — > +oo, due 
to the choice of q. This ends the proof of the claim (|6.5|) . 

6.1.2 The case of L°° constraints 

When solving optimization problems for Ai(0, A, v, V) if A is fixed and v, V vary and satisfy 
L°° bounds, we can precise the conclusions of Theorem l6.ll Fix Q G C and A G W 1,0 °(Q, <S n (M)) 
such that A > 7H in O for some positive real number 7 > 0. Given r 1; r 2 > and W\ G L°£(Q), 
define 

A Q , A , WUT1 ^ = {(v,v)eL™(n,R n )xL°"(ny, imi^ < n , n^L <r 2 ,}, 

and 

\{VL,A,w u t u t 2 ) = inf A^A,^), 

{v,V)eAci,A,wi,Ti,T 2 

A(f2, A, wx, ti, T2) = sup Ai(Q, A, v, V). 

(v,V)eAn,A,w 1 ,T 1 ,T 2 

The optimization results under these constraints are the following ones: 
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Theorem 6.6 Let Q G C, A G W l '°°(n, S n (R)) such that A > 7W in /or some 7 > 0, 
r i) r 2 > and Wi G L+(fi) 6e given. Then, 

(1) i/iere exzsi a unique vector field v G L°°(f2,IR n ) wift H^i^H^ < T\ and a unique function 

V G L°°(Q) with \\V\\ 00 <t 2 , such that 

\(q,a,w 1 ,t 1 ,t 2 ) = Ai(n,A,v,y). 

Moreover, if tp = pn,A,v,v, one has 

(a) u • Vp = — riwjf 1 1 V<^ I a.e. inVt, 

(b) \v(x)\wi(x) = T\ a.e. in Q, 

(c) V_(x) = — r 2 a.e. in Q, 

Furthermore, Vip(x) 7^ a.e. in n and v(x) = —TiWi(x)~ 1 Vif(x) /\Vif(x)\ a.e. in Q. 

(2) there exist a unique vector field v G L°°(f2,IR n ) with WwivW^ < T\ and a unique function 

V G L°°(tt) with \\V\\ oo <t 2 , such that 

A(fi,Awi,r 1 ,r 2 ) = Ai(^,A,u,F). 
Moreover, ifTp = PqauV' one ^ as 

(a) v ■ Vy? = Tiiu^ 1 1 Vy5| a.e. inVt, 

(b) \v(x)\ W\(x) = T\ a.e. in Q, 

(c) V(x) = r 2 a.e. in Q, 

Furthermore, VTp(x) 7^ a.e. in Q andv(x) = +TiWi(x)~ l VTp(x) /\VTp(x)\ a.e. in Q. 

Proof. As in the proof of Theorem 16.11 let us focus on the minimization problem. The 
existence of v and V_ such that Ai (SI, A, v, V_) = A(fi, A, W\,Ti, t 2 ) is obtained in the same way 
as in Lemma f6. 41 except that one has to define, for almost every iGfl, 

-nw^x)- 1 —^-, ifV^x ^0, 
|V^(z)| — 

"if V<p(x) = 0, 

and V_(x) = —t 2 for all x G f2, and that we do not need to introduce the vector field w. To 
prove the uniqueness of V_, proceed as in the proof of assertion (c) in Lemma f6. HI We are now 
left with the task of proving the uniqueness of y_ and the fact that wi(x) \v(x)\ = T\ for almost 
every x G Q. 

First, arguing as in the proof of Lemma 16.31 one shows that, if v and V are such that 
Ai(f2, A, v, V) = A(f2, A, w\, ti, t 2 ) and if tp = pn,A,v,v, then v ■ Vy2 = — TiW^ 1 |V</?| a.e. in Vt. 
To conclude, we need the following lemma: 
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Lemma 6.7 Let A 6 R and ip G W 2,r {Vt) for all 1 < r < +oo ; be such that ip = on <9f2, 
■0 > in Q, Halloo = 1 



-div(y4V^) - riw x 1 |W| - T- 2 = Xip in Q. 

Let v G L°°(0,M n ) be such that WwivW^ < 7~i and Ai(0, A, v, — r 2 ) = A(0, A, w±, r%, t 2 ). T/ien 
A = X(Q,A,w 1 ,t 1 ,t 2 ) and ip = (pn,A,v,-r 2 - 

Proof of Lemma 16.71 Let v be as above and set if = <pn,A,v,-T 2 , so that 

— div(AV(p) — Tiu.\ 1 1 V(p\ — r 2 ip = — div(A'Vip) + v ■ Vip — r 2 {p = A(f2, A, wi, 71, T 2 )tp in f2 
by what we have just seen. Define also 

tm*J = < l V ^l 

if Vip{x) = 0. 

One has ||u>iw|loo = t\ and 

-div(AV^) + w ■ Vip - r 2 ip = -div(AVip) - nw^ 1 \Vip\ - r 2 ip = Xip in Q, 

so that, since ip > in Q and ip = on dfl, by the characterization of the principal eigenfunction 
and the normalization Halloo = 1, one has ip = fn,A,w-T 2 an d 

A = Xi(n,A,w, -r 2 ) > A(fi, A, w 1 ,t 1 ,t 2 )- 

As a consequence, 

-dw(AVip)+v -Vip-r 2 ip > -div(AV^)-T-iwf 1 \Vip\-r 2 ip = A^ > X(Q, A, Wi, n, r 2 )^ in fi, 
while 

— div(AVy) + f • — r 2 <^ = Ai(fi, A, f , — T 2 )ip = X(Q, A, Wi,Tx, r 2 )ip in Q 

by assumption. Since ip > in Q, another application of Lemma 16.21 shows that ip = if = 
(pn,A,v,-T2i and that A = A(fi, A, Wx, Ti, r 2 ). □ 

With the help of Lemma [fi.7[ we conclude the proof of Theorem Id 61 Let V\ G L°°(fi, M n ) 
and v 2 G L°°(Q,M n ) with ||iuii'i|| 00 < n and Hwii^Hoo < T\ be such that 

X(Q,A,wi,ti,t 2 ) = Xi(fl,A,vi, -r 2 ) = Ai(f), A,i> 2 , -r 2 ), 

and set 

<fi = (pn,A,vi,-T2 an d V^2 = <-Pn,A,v 2 -T2- 
Since t>i • V<^i = — Tiw^ 1 |V<^i| and v 2 ■ V<p 2 = — Tiw^ 1 |V</p 2 | a.e. in Q, one has 

-div(AVy?i) - nw^ 1 \V<pi\ - r 2 Lfi = X(£l,A,wi,Ti,T 2 )<pi in Q, 
-div(AVy? 2 ) - nw^ 1 \\/ip 2 \ - r 2 ip 2 = A(0, A,Wi,Tx,T 2 )tf 2 in fi, 
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with ip i, tp 2 e fli<r<+oo W 2 ' r (Q), cpi,(p 2 > Oinfi, ||^i||oo = II^IU = 1, and <p x = <p 2 = Oondfl. 
Lemma EI3 shows that ipi = (pn,A,v 2 ~T 2 — ¥2 '■= f, so that v\ ■ Vip = v 2 ■ Vip = —Tiw^ 1 |Vy|. 
It follows that v\ = v 2 and \vi\ = \v 2 \ = TiW^ a.e. on the set {a; G f2; Vip(x) 7^ 0}. It 
remains to be observed that V<p(x) 7^ a.e. in Q. Indeed, if E = {x G Q; V<p(x) = 0}, 
one has div(AVip) = a.e. in E, so that — r 2 ip = Ai(0, A, %, — r 2 )(p in E, and since 
Ai(f2, A, vi, — t 2 ) > —r 2 , one has \E\ =0. □ 

If, in Theorem 16.61 we specialize to the case when Q is a ball and the diffusion matrix A is 
equal to A Id with A radially symmetric, we obtain a more complete description of the unique 
minimizer and maximizer. More precisely, we have: 

Theorem 6.8 Assume that Q is a Euclidean ball centered at with radius R > 0, let A £ 
n W 1,00 (Q) be radially symmetric, set A = Aid and use the same notations as in 
Theorem, 1 6. b\ under the extra assumption that ui\ is radially symmetric Then, v = T\W X e r , 
v = — TiW x e r a.e. in f2, and cp and Tp are radially symmetric and decreasing. 

Proof. Let ip = ip = (pn,Aid,v-r 2 where v is given in Theorem 16.61 One has 

-div(AV<£>) - nw^ 1 \Vip\ - r 2 (p = A(f2, A, w x , n, r 2 )ip (6.7) 

in Q. If S is any orthogonal transformation in R n and ip = ip o S, then ip G W 2,r (Q) for 
all 1 < r < +00, satisfies ()6.7j) . vanishes on dfl and is positive in Q. Lemma 16.71 therefore 
yields ip = ip, which means that ip is radially symmetric, so that there exists a function 
u : [0, R] -> K such that <p(x) = u (\x\) for all x G H, and u is C l ' a {[Q, R\) for all < a < 1. 
Let < 7"i < r 2 < R. Remind that X(Q, A, w\, r 1; r 2 ) = Ai(f2, A, v, — t 2 ) > — r 2 . Since 

-div(AV^) + u ■ V<^ = (A(Q, A, wi, n, t 2 ) + r 2 )y? > (6.8) 

in Q, the maximum principle applied to ip in B r2 yields that ip > u(r 2 ) in B T2 , which means 
that u(ri) > u(r 2 ). Moreover, if u(ri) = u(r 2 ), the strong maximum principle implies that ip 
is constant in B r2 , which is impossible because of (16. 8|) . Therefore, u(ri) > u(r 2 ). Finally, if 
< ri < r 2 = R, one has immediately u(r x ) > u(r 2 ) = 0. Thus, u is decreasing in [0, R], and 
this yields at once v = T\Wi 1 e r from Theorem 16.61 

The arguments for Tp and v are entirely analogous and this completes the proof of Theo- 
rem inm □ 



6.2 Faber-Krahn inequalities 

Proof of Theorem 12. 71 First, since HV^loo < r 2 , it follows from [Hj that 

Ai(n,4v,t0 > x x (n,A,v,-T 2 ) = -T 2 + x x (n,A,v,o). 

But Ai (SI, A, v, 0) > 0. Theorem 12 .HI then yields the existence of a positive constant 9 = 
6(Cl, n, Ma, r i) > depending only on (fl, n, Ma, rn\, Ti), and the existence of two radially 
symmetric C°°(Q*) fields A* > 0, u* > such that, for v* = u*e r in Q*, 

{ess inf A < min A* < max A* < ess sup A, || (A*)^" 1 Hl^c*) — ll^- -1 !^^^)) 
\\v*\\l™(ci*,r™) < ||^|U° o (n,K'»), II |^*| 2 x (A*)^ 1 !^ 1 ^*) = || \v\ 2 x A^ 1 ^!^), 
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and 

Ai(ft, A, v, 0) > Ai(fi*, A*Id, u*, 0) x (1 + 0). 
Observe that < ri. It follows from Theorem 16.81 (with W\ = 1) that 

-r 2 + Ai(ir,A*IdX,0) = Ai(fi*,A*Id,v*,-r 2 ) > Ai(fi*, A*Id, ne r , -r 2 ) 

and Ai(fi*,A*Id,u*,0) > Ai(fi*, A*Id, Tie r , 0). Therefore, 

Ai(fi,A,i;, V) > Ai(fi*,A*Id,r ier ,-r 2 ) + x Ai(fi*, A*Id, r x e r , 0) 

since and Ai(0*, A*Id, rie r , 0) are positive. 

Let us now estimate Ai(fi*, A*Id, Tie r , 0) from below. Call y? = y?n*,A*id,Tie r ,o, A = 
Ai(fi*,A*Id,rie r ,0) > and 

r\ x \ 

U(x) = Ti / A*(re) _1 dr for all x G fi*, 
io 

where e is an arbitrary unit vector. Multiply the equation 

-div(A*Vy?) + ne r -V<p = X<p in Q* 

by ipe~ u G ifg(fi*) ^ IU 1,00 (f2*) and integrate by parts over Q*. It follows from the definition 
of U that 

/ A*|Vy?| 2 e _f/ = A / ip 2 e~ u < A / <^ 2 . 
in* in* in* 

The last inequality holds since A > 0, and U > in f2*. But A* > ess inf^ A > m A > 0, 

whence U < Tim^R in Q*, where R = a^^l^l 1 ^ 11 > is the radius of Q*. Finally, 

X f if 2 > m A e-^ la " 1/n M 1/n [ |V<^| 2 , 
Jq* Jn 

whence 

A > rn^^ 1 '^ x \Q\- 2 / n a 2 J n (j n/2 . hl ) 2 =: « > 
from (jl.3j) and ()1.4|) . The conclusion of Theorem 12.71 follows with the choice 

7] = 77(0, n, Ma, m A , ri) = x k > 0. 

□ 

Proof of Corollary 12. 8L Assume first that Q is not a ball. Write 

Xi(fl, A, v, V) > Xi(fl, A, v, 0) + ess inf V. 

Under the notations of Corollary 12.81 then Theorem 12.71 applied to Ai(f2, A, v, 0) with A = 7^ 
clearly gives A* = 7^ in fi*, so that 

Xi(Q,A,v,0) > Ai(fi*,7Ald, ||f ||ooe r ,0), 
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whence 



Ai(0, A, v,V) > Ai(fi*, 7a Id, ||f||ooe r , 0) + ess^inf ^ = Ai(0*,7A.Id, ||u|| 00 e r .,ess^inf V). 

Assume now that Q is a ball. From Theorem 12. II applied to Ai(f2, A, v, 0) with A = 7a, there 
exists v* G L°°(fi*,IR n ) such that \\v *\\L°°(n*,w. n ) < IM|l°°(c,r™) and 

Ai(n*,7 A Id,i;*,0) < Ai(fi,A,i;,0). 

But Ai(Q*,7Ald, ||f ||i'x>(n ) Kn)e r ., 0) < Ai(0*, 7a Id, u*, 0) from Theorem 16 . 81 with wi = 1. There- 
fore, 

\i(tt,A,v,V) > Ai(0*,7Ald, \\v ||i,ao(n iR »)e r ,ess inf V). 
The conclusion of Corollary 12.81 follows immediately. □ 

Remark 6.9 If, in Theorem 12 . 7| we specialize to the case when A = 7H and A = 7 > is a 
given constant, then we have immediately 

Ai(fi,7ld,t>, V) > Ai(fT,7ld, |MUe r , -|I^IU) 

provided that Q G C is not a ball. Furthermore, if Q is a ball, say with center Xq, the uniqueness 
statement in Theorem 16.81 shows that Ai(fi, jld, v, V) > Ai(0, 7W, ||u|| 0O e r (- — xo), — \\V\\oo), 
where the inequality is strict if v 7^ \\v ||oo e r( - — ^0) or V 7^ — HVHoq. Finally, we obtain that, if 
Q G C, then 

Ai(fi,7ld,i;,F) > A 1 (^*,7ld,||u|| 00 e n -||y|| 00 ) (6.9) 

and the equality holds if and only if, up to translation, Q = Q*, v = \\v ||ooe r and V = — 1| V||oo. 

A rough parabolic interpretation of inequality (J6.9J) can be as follows: consider the evolution 
equation Ut = 7AM — v ■ Vu — Vu in Q, for t > 0, with Dirichlet boundary condition on dQ, 
and with an initial datum at t = 0. Roughly speaking, minimizing Ai(f2,7ld,f, V) with given 
measure \Q\ and with given L°° constraints ||f ||oo < r i and ||V||oo ^ r 2 can be interpreted as 
looking for the slowest exponential time-decay of the solution u. The best way to do that is: 

1) to try to minimize the boundary effects, namely to have the domain as round as possible, 

2) to have —V as large as possible, that is V as small as possible, and 3) it is not unreasonable 
to say that the vector field — v should as much as possible point inwards the domain to avoid 
the drift towards the boundary. Of course diffusion, boundary losses, transport and reaction 
phenomena take place simultaneously, but these heuristic arguments tend to lead to the optimal 
triple (fi, —v, —V) = (ft*, —Tie ri r 2 ) (up to translation). 

In Theorem 12.71 it follows from the above proofs that the inequality 

Ai(Q*, A*Id, T ier , r 3 ) < Ai(J], A, v,V)- V 

holds if the assumption HVH^, = < t 2 is replaced by: ess inf^V > r 3 . Furthermore, 

since \i(Q,A, v, V) > Xi(ft, A, v, ess inff^) = Ai (SI, A, v, 0) +ess inf^V^ with a strict inequality 
if V is not constant (see [14|), it is then immediate to check that formula (|6.9|) still holds when 
— j| V || 00 is replaced by ess inf^l^, and that the case of equality can be extended similarly. 
The parabolic interpretation is the same as above if the condition || V || oo < r 2 is replaced by: 
ess mf n V > r 3 . 
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Remark 6.10 If is a general open subset of M™ with finite measure, and if A 6 
W 1 '°°(fi,5 n (R)), v G L°°(fi,IR n ), V G are such that A > 7W in SI for some constant 

7 > 0, then we claim that 

Ai(Q, A,v,V) > Ai(Q*,7ld, |M|L°o(n,K»)e r ,ess iinf V) 

11 (6.10) 
> Ai(0*,7ld, ||w||L°°(n,R")e r , -\\V\\ L ao in) ). 

Indeed, given e > 0, as in Remark 15.61 there exists a non-empty set Q' = Q' £ G C such that 
Q' CC Q and Ai(f2', A, v, V) < Xi(fl, A,v,V) + e. Then the arguments used in the proof of 
Corollary 12.81 (with 7 instead of 7a) imply that 

Xi(Q',A,v,V) > Ai(0*,7ld, ||u|| Z; o (Q )a n)e r ,ess^inf V), 

where Q* is the ball centered at the origin with the same measure as Q'. Therefore, 
Xi(Q,,A,v,V)+e > Ai(fi*,7ld, \\v ||i/x>(n,R»)e r , ess Q inf V ) - Ai(fi*,7ld, ||f||i,°°(fi ! R«.)e r , ess^inf V) 

since Q* C Q*, and ()6.10p follows immediately. Notice that ()6.10|) holds in particular with 
7 = ess mf n A[A\. 

7 Appendix 

7.1 Proof of the approximation lemma 15.11 

Fix k G N. Call 

n.fe = 7— 7 for 2 = 0, . . . , k + 1 

K + 1 

and 

(j,n 1 r n \ 1/n 
'' fc ' +1 ' fc J e (r ilfc , r i+ i )fe ) for i = 0, . . . , k. 

Remember that 

\ n p-Hr^ k ), P -Hr l}k )\ = oi n {rf +1>k - rj| fc ) = |S r . fc , n+li J for all i G {0, . . . , k}. 

Let us first define the function g k almost everywhere in Q*: for i G {0, . . . , A;} and x G 5 rj fc)7 . i+1 fc 
such that I x | 7^ r i+ i/ 2) fc, set 

5f fc (x) = G k (\x\), 

where 

G fc (r) = sup I a G R; ^{zenp-i^^i^), g(x) > a}\ > a n \r? +1/2jk - r n \ J 

for all r G (r i;fc , r i+1 / 2 ,fc) U (^,+i/2,fc, r i+i,fe)- 3 If then follows by definition that g k is radially 
symmetric, nondecreasing with respect to \x\ in S r . ktr . +1/2k and nonincreasing with respect to 

3 In each shell S ri h , ri+1 h , the function gk is then a kind of Schwarz decreasing rearrangement of the function 
g in fip-i( r(+1 fc ). p -i( ri fc ), with respect to the inner radius r i+ i/ 2 ,k- 
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M in S r i+1/2 , k ,r i+1 , k , and that 

\{x e n P -i(r i+1 , k ),p-Hr itk ), g(x) > t} \ = \{ X g S r . tkir . +hk , g k {x) > t}\ 

\{x G ^-i(n +ljjb ) )P -i(r ijib ), g(x) > t} \ = \ {x e S Wi+li „, g k {x) > t}\ 
for all % G {0, . . . , k} and t 6 E. As a consequence, the restriction of g k to S ri kl r i+1 k is in 

ess inf g < ess inf g = ess inf g fc < ess sup g k = ess sup g < ess sup g 
and 

9k = f 9=1 h (7.1) 



r i,k< r i+i,k p~ 1 ( r i+i,khp~ 1 ( r i,k) J Sr i,k< r i+i,k 

for all i — 0, . . . , k, by assumption (|5.2|) . Therefore, G L°°(fi*) with 

ess inf g = ess inf g k < ess sup g k = ess sup g 
n n* n * n ' 

and 

\{x G Q, c/(x) > t}\ = \{x G Q*, g k (x) > t}\ 

\{x G Q, g(x) > t}\ = \{x G Q*, g k (x) > t}\ 
for all t G R. 

Let us now define the sequence of functions (g k ) k( z^. Fix fceN. For each z G {0, . . . , A;}, the 
function G k is by construction nondecreasing in the interval (n,fc, Tj+i/2,fc) and nonincreasing 
in the interval (r i+ i/ 2tk , ?"i+i,fc)- Furthermore, 

ess inf = ess inf G k = ess inf g > ess inf g. 

(r l ,k,r i+1 / 2 ,k) (r 1+ i/2,k,r i+1 /2,k) ^p-iOi+i^.p- 1 ^) n 

Therefore, in each of the intervals (r itk ,r i+ i/2 tk ) and (ri+i/2, k ,ri + i )k ), the function G k can be 
approximated uniformly and from below by piecewise constant functions which are larger than 
or equal to ess info g. As a consequence, there exists a piecewise constant function G k defined 
in [0, R] such that 



ess^inf g < G k (r) < G k (r) (< ess sup g) for all r G (0, r l/2)k ) U • • ■ U (r k+1/2 , k , R) (7.2) 

and 



\G k — Gfc||i<x>( 0) ii) < ; — - ■ (7.3) 



1 

k + 1" 

Let = p ,fc < Pi,fc < ■ ■ ■ < PN k +i,k = -R be a subdivision adapted to (with iV fc G N), 
namely G& is equal to a constant G [ess info g, ess sup n g] in each interval (pj jk , Pj+i,k) f° r 
j = 0, . . . , N k . Choose a real number p k such that 

„ . 1 . Pj+i,k — Pj,k 1 

< p k < mm ( mm 



o<j<N k 2 ' (N k + l)(k + l) 
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Let C be a fixed C°°(R, E) function such that < ( < 1 in R, ( = in (-oo, 1/3] and ( = 1 
in [2/3, +oo). Denote G k the function in [0, R] by: 

G k {r) = m , fc for r G [0, pi, fe - pj, 

G fe (r) = m 3 - fc for r G [p,, fc + p fc , Pj+i,fc - pj and 1 < j < N k - 1 (if iV fe > 1), 
G fe (r) = mjv^fe for r G [p^fc + P^., R], 



V < j < N k - 1, 
and 



G fe (r) = < 



m jtk + (m j+ i tk - m jik ) x ( 



if rrij,k < m j+ljk , 
i - Pj+i,fc + P k 

if m i+ i ifc < m jtk 



V 1 < j < iVfc 

V r G [pj, k ,Pj,k + P 



G k (r) 



1 



if mj_i )fc > m 3 - fc 
Pj,k + P k -r : 



P 



!-k 



if rrij^i jk < rrij t 



k- 



The function G k is well-defined and C°° in [0, R] and 



ess inf G k = min m,- k < G k (r) < G k (r) for all r G (0, p l k ) U • • • U {pN k ,k, R), 
{0,R) o<j<N k J ' 

whence 

ess inf g < G k < G k < G k < ess sup g almost everywhere in [0, R] 
n <> 

by ()7.2j) . The function defined by 

gjx) = G k (\x\) for all x G H* 
is radially symmetric and of class C°°(fi*) and it satisfies 

ess inf g < g < g k < ess sup g almost everywhere in Q*. 

Fix now q G [1, +oo) and let us check that g k — g k — > in as A; — > +oo. One has 

\\g k - gjw) < \\G k (\ ■ I) - G k {\ ■ \)\\ Lqm + \\G k (\ ■ |) - G k (\ ■ 
< { ^^ + \\Gk(\-\)-G k (\-\)\\ Lqm 

by (j7.3|) . On the other hand, the definition of G k and formula ()7.2|) imply that 



\\G k — G k \\ L °or m = max \m jtk — m j+ i tk \ < 2\\G k \\ l°° (q,r) < 2||g|| L oc ( m. 

0<j<N k 



S3 



Using once again the definition of G k , it follows that 



\G k {\-\)-G k (\-\)\\ Lqm 



N k 



j=0 VPj.fc 



+ 



{G k {r)-G k {r)fr n - l dr 
(G k {r)-G k (r)Yr n ~ l dr 



< 



n-li 



2na n (N k + l)p k R n - 1 (2\\g\\ L o 0(n) y 

I n-l\ 1 /l 

< 2|blU°°(n) x 



2na n R n 



1/9 



1/9 



from the choice of p fc . Thus, 



a 



\9k ~ £jw(n.) < fc+ 1 + 2|^||Lco ( n) x I — 



£; + 1 



2na n R n 



1\ 1/9 



as fc — >• +oo. 



Finally, let us check that the sequences (g k ) k( zm and (g k ) k( z^ converge to h as — > +oo in 
L P (Q*) weak for all 1 < p < +oo and in L°°(0*) weak-*. Let be in (7(TF, R) and fix e > 0. 
Since the unit sphere S n_1 is compact and <ft is uniformly continuous in Q*, there exists k Q EN 
and a finite family of measurable pairwise disjoint subsets U\, . . . ,U q of § n_1 with positive 
area, such that S>" -1 = U\ U • • • U U Q , and 



(x) — 4>{y)\ < £ for all x, y G f2*\{0} such that 



|x| — |y| | < 



^ + y (7-4) 
3 j such that , — - — : G Uj. 
fI 2/ 



Fix any /c such that > k . Use the notation x = r9 with r = |x| and 9 = x/\x\ for the 
points of fi*\{0}. Denote by da the surface measure on § n_1 . For all i G {0, . . . , k} and 
j G {1, . . .,q}, call 

f r i+l,k /* 

(r0) da(9) dr 



ri+i,k 



'n,k J Uj 

Since g k and h are radially symmetric and satisfy (j7.1|) for all i — 0, . . . , k, it follows that 

/" r i+l,fc 

for all i G {0, . . . , k} and j G {1, . . . , g}. Thus, 



da{9) dr 



Mr9) - h{r9))(f> i;j da{9) dr = 



k q 



i=0 jr' = l Jr *,k 



ri+l,k 



(g k (r6) - h{r9)){<j>{r9) - 0,,,) da{9) dr 



Ui 
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and then 



9k4> 



h(j) 



k q 

s EE 



r i + l,k 



MU°°(fi) + IHU»(n«)) £ da(6) dr 



i=0 j = l Jr i,k 

®nR n (\\g\\L°°(n) + ||^IU°°(n*)) £ 



for all k > k (remember that H^Hl 00 ^*) — IMU°°(n))- Since e > was arbitrary, one concludes 
that 



9k<P 



h(j) as k — > +00. 



Since this is true for every G C(fi*,R), standard density arguments imply then that 

/ 9k$ h<p as k — > +00, for all <p E If (Q*) and for all p' G [1, +00), (7-5) 

namely — ^ ft, as fc — > +00 in L p (f2*) weak for all p G (1, +00) and in L°°(Q*) weak-*. Lastly, 
since gk — g, — > as — > +00 in L p (fi*) for all p G [1, +00) and since the functions g are 
uniformly bounded in L°°(Q*), it follows from (|7.5jl and standard density arguments that 

/ 9l ^ ( H - k +oc, for a., 6 W (l r) and for all p< e [1, + oo). 
Jn* Jn* 

Thus, # fc ->> h as fc -> +00 in a(L p (fi*), i7'(fi*)) for all 1 < p < +00. 

The construction of the functions g k is similar to that of the functions g , but they approx- 
imate the functions gk from above. □ 



7.2 A remark on distribution functions 

Let a < (3 G R and m > be fixed. We extend a definition which we used just before 
Corollary 12.21 T^im) stands for the set of right-continuous non-increasing functions // : R — > 
[0, m] such that 

fi(t) = m for alH < a and = for all t > (3. 
In this appendix, we prove the following fact: 

Proposition 7.1 Let a<(3el, m>0, |i6 J~a,0( m ) an d G C such that \Q\ = m. Then, 
there exists V G L°°(VL) such that ^ — p, v . 

Proof. This fact is rather classical, but we give here a quick proof for the sake of completeness. 
Let if be the solution of 

{— Atp = 1 in Q, 
(p = on <9f2. 

Observe that the function ip belongs to W 2,p (fl) for all 1 < p < +00, to C 1,7 (f2) for all 
< 7 < 1 and is analytic and positive in Q. Let M = max^<£> and, for all < a < M, define 
(as in Section El) 

Q a = {x & Q; <f{x) > a} ■ 
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Set also Qm — 0- Remember that, for all < a < M, \dQ a \ = 0. 
Define now, for all x G Q, 

V(x) = sup {s6l; fi(s) > \Q<p( x ) I } . 

Notice first that this supremum is well-defined for all x G f2. Indeed, if x G Q, one has 
(f(x) > 0, therefore < ^^(aj)! < |^|- 

We now claim that V is measurable and bounded in Q and that /iy = /i. Indeed, let t G M. 
By definition of V, for all iGll, 

V(x) > t (3s > t SUch that > fl^)!) KV(a;) < 

where the last equivalence follows from the right-continuity of /i and the fact that this function 
is non-increasing. Define now, for all < a < M, F(a) = \Q a \- The previous equivalence yields 

fi v (t) = \{xen; F(<p(x)) < fi(t)}\ . 

Since the function F : [0, M) — > [0, is decreasing, one-to-one and onto, one obtains that 
{x G V(x) > t} is measurable for all t G R, and that 

Hv(f) = \ {x G ft; p(ac) > F _1 (//(t))}| = |fi F -i (Mt)) | = //(t), 

where the last equality uses the definition of F. Finally, {i e H; V(x) > /3}\ — //(/3) = and, 
for all s < a, 

\{x G fi; V(x) < s}\ = \Q\ - n(s) = 0, 
which shows that V G L°°(Cl). □ 

7.3 Estimates of X\(B^, re r ) as r — > +oo 

We recall that Ai(Q,u) is defined as Ai(Q, Id, v, 0) for v G L°°(fi,M n ). We call B\ the open 
Euclidean ball of MJ 1 with center and radius R > 0, and we set 

G n (m,r) = *i(B£ m/an)1/n ,Ter) 

for all n G N\{0}, m > and r > 0. Notice that G n (m, r) is always positive. 

Our goal here is to discuss the behavior of G n (m, r) for large r. Indeed, if, in Theorem 12. 7^ 
A is a constant 7 > 0, then, with the same notations as in Theorem 12.71 

X^A^V) > Ai(fi*,7ld, ne r ,-T 2 ) = 7 A 1 (fi%Id,r l7 - 1 ,0)-r 2 

The constants 7 and r 2 appear as multiplicative and additive constants in the previous formula. 
The function [0, +00) 3 r \— > G n (m, r) > is obviously continuous, and decreasing (as a 
consequence of Theorem 16. 8|) . However, the behaviour when r — > +00 is not immediate. It is 
the purpose of the following lemma, which was used in Remark 16.51 When A is not constant 
in Theorem 12.71 but still satisfies some given lower and upper bounds, the following lemma 
provides some bounds of Ai(fi*, A*Id, Tie r , — r 2 ) when n — > +00. 
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Lemma 7.2 For all m > 0, t 2 e Tm ^ 2 Gi(m, r) — > 1 as r + oo, and one even has 

3 C(m) > 0, 3 t q > 0, V r > r , |r- 2 e rw / 2 G 1 (m, r) - 1| < C(m)r e - rm/2 . (7.6) 

Moreover, for all n > 2 and m > ; G n (m, r) > Gi(2(m/o:„) 1//n , r) /or a// r > 0, and 

-T- 1 log G n (m, r) -> m 1/n a~ 1/n as r -> +oo. (7.7) 

In j2Hj, with probabilistic arguments, Friedman proved some lower and upper logarithmic 
estimates, as e — > + , for the first eigenvalue of general elliptic operators —aijE 2 dij + bidi with 
C 1 drifts — b = —(pi, ... , b n ) pointing inwards on the boundary (see also [45 ). Apart from the 
fact that the vector field e r is not C 1 at the origin, the general result of Friedman would imply 
the asymptotics ()7.7|) for log G n (m,r) = logXi(B?, y /n ,re r ). For the sake of completeness, 
we give here a proof of (J7.7)) with elementary analytic arguments. Lemma 17721 also provides the 
precise equivalent of Gi(m,r) for large r. However, giving an equivalent for G n (m, r) when r 
is large and n > 2 is an open question. 

Proof of Lemma 17. 2L First, to prove ()7.6|) . fix m > and r > 0, set = (—R,R) with 
2R = m, and denote 

A = Ai(0, re r ) 

and ip = V^nldre o - Theorem 16.81 ensures that ip is an even function, decreasing in [0,R] and 
that 

—ip"(r) + T(p'{r) = \tp(r) for all < r < R, 

with (p(R) = 0, ip > in (-R, R) and y'(0) = (in particular, the above equality holds in 
the classical sense in [0, i?]). For all s G [0,r_R], define if)(s) = </?(s/r), so that if) satisfies the 
equation 

-if)"{s) + if)'(s) = ^ip(s) f o r all < s < tR, 

with ip(rR) = and ip'(0) = 0. Notice that A depends on r, but since, for all r > 0, 
< A < Ai((— R, R), 0), there exists r > such that r 2 > 4A for all r > r , and we will 
assume that r > r in the sequel. The function if> can be computed explicitly: there exist 
A, B e R such that, for all < s < tR, 

ip(s) = Ae^ +r + Be^~ r , 

where /i± = (1 ± a/1 — 4A/r 2 )/2. Using the boundary values of if> and ip', one obtains after 
straightforward computations: 

Since A remains bounded when r — > +oo, it is then straightforward to check that A ~ r 2 e~ TR 
when r — ► +cxd, and that ()7.6|) follows. 
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We now turn to the proof of assertion (J7.7|) . Let n > 2, m > 0, r > and Q = B R be such 
that |fi| = m, so that one has R = {m/a n ) l l n and G n (m, r) = Ai (O, re r ). We first claim that 

G n (m,r)>G 1 (2R,r). 

Indeed, write 

A = Ai(fi, re r ) and y? n = ^njd^cr 

Similarly, G\(2R,t) = Xi((—R,R),re r ), and we denote \i = Xi((—R,R),re r ) and <pi = 
^P(-R R) Id re o ( wnere M is then understood as the lxl identity matrix). As before, de- 
fine ipniy) = ¥n(y/ T ) for all y G tQ = B™ R and Vi( r ) = { Pii r l T ) f° r an r £ [— ri2]. 
Finally, since t/>„ is radially symmetric, let w n : [0, tR] — > K. such that V'n(j') = u n(\y\) for ah 
y E r£l = B™ R . One has 



-<(r) - ^-^<(r) + <(r) = — « n (r) in (0, tR], 
r t z 

-Vi(r)+Vi(r) = ^Mr) m[0,rR], 



(7- 



with <(0) = u n {rR) = 0, ^£(0) = ^ x {tR) = 0. 

Assume that A < \i. Since u' n < in (0, ri2] and w n > 0, one obtains 



-■0i(r) + V4( r ) = "T^i( r ) in [0,ri?]. 



(7.9) 



Since iP[(tR) < by Hopf lemma, while ipi{r) > in [0,tR), u n {r) > in [0,tR) and 
the functions u n and ■i/'i belong (at least) to C 1 ([0,tR]), there exists then 7 > such that 
7^1 (r) > u n (r) for all < r < tR. Define 7* as the infimum of all the 7 > such that 
7^1 > u n in [0,tR), observe that 7* > and define z = 7*^1 — u n which is non-negative in 
[0, tR] and satisfies 

-z"(r) + z'(r)--^z(r)>0 (7.10) 

T 

for all < r < ri? and z(tR) = 0. 

Assume that there exists < r < ri? such that z(r) = 0. The strong maximum principle 
shows that z is identically zero in [0,ri?], which means that 7*^1 — u n in [0,ri?], and even 
that ipi = u n because "0i(O) — u n (0) — 1. But this is impossible according to ()7.8|) and ()7.9|) . 

Thus, z > in (0,ri?). Furthermore, z'(0) = 0, hence z(0) > from Hopf lemma. Another 
application of Hopf lemma shows that z'ijR) < 0. Therefore, there exists k > such that 
z > nu n in [0, tR), whence 

7* 

-01 > «n in [0, 7\R), 



1 + K 

which is a contradiction with the definition of 7*. 

Finally, we have obtained that \i < A, which means that G n (m,r) > Gi(2R,t) 
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We now look for a reverse inequality. To that purpose, let e G (0, 1) and R > such that 

Ti — 1 

< e. In the following computations, we always assume that tR > R . Define u n and A 

Ro 

as before. Let 



// = Ax 



T J V T 

and w the normalized corresponding eigenfunction, so that 



-w"(r)+r(l -e)w'(r) 



fx w(r) m 



Ml - e)e r 



Ro 



0,R- — 



w'(0) = 0, w > in 



T 



w \ R 



0. 



For all R < x < tR, define v (x) = w ( - — — ) . which satisfies 



-v"(r) + (f - e)v'(r) = ^v{r) in [R , tR] , 

k v'(R ) =0, u > in [Ro,rR), v(tR) = 0. 
Assume that A > fi'. Since (n — l)/Ro < s and w^(r) < in (0, ri?], one therefore has 

-<(r) + (1 -e)<(r) > ^u n (r) in [i2o,ri2], 



V(r) + (1 - e)v'(r) = ^v(r) in [i? , rR]. 



Arguing as before, we see that there exists 7 > such that 7« n > v in [R ,tR). Define 7* 
(> 0) as the infimum of all such 7's and define z = 7*ti n — v, which is nonnegative in [Rq, tR] 
and satisfies —z" + (1 — e)z — (//' /r 2 )z > in [_R , 

Assume that z(r) = for some r G (Rq,tR). The strong maximum principle ensures 
that z is in [Rq,tR], which means that u n = v in [i? ) r -R]; which is impossible because 
u' n (R ) <0 = v'(R ). 

Therefore, z > everywhere in (Ro,tR). Furthermore, z'(Rq) < 0, thus z(Rq) > 0. On 
the other hand, by Hopf lemma, z'(tR) < 0. Thus, there exists k > such that z > kv in 
[-R ) r -R)) whence (7*/(l + K))u n > v in [-R 0) r -R)- This contradicts the definition of 7*. 

Thus, we have established that A < fi'. Straightforward computations (similar to those of 
the proof of (|7.6j) ) show that 



A < fi' 



l-e+W(l-e) 



1 -\/(l-) 2 -^(^-Ro) 



and, since A > Gi(2R, r), formula ()7.6|) and the fact that m = a n R n end the proof of (|7.7|) . □ 
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